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^f^ • We consider a class of eight derivative interactions in the effective action of type IIB 

C^^ ' string theory compactified on T^. These 1/2 BPS interactions have moduli dependent 

o : 

couplings. We impose the constraints of supersymmetry to show that each of these 

couplings satisfy a first order differential equation on moduli space which relate it to 

other couplings in the same supermuliplet. These equations can be iterated to give 

^ ■ second order differential equations for the various couplings. The couplings which only 



depend on the SO{2)\SL{2,M.) moduli satisfy Laplace equation on moduli space, and 
are given by modular forms of SL{2, Z). On the other hand, the ones that only depend 
on the SO{3)\SL{3,M) moduli satisfy Poisson equation on moduli space, where the 
source terms are given by other couplings in the same supermultiplet. The couplings 
of the interactions which are charged under SU{2) are not automorphic forms of 
SL{'i,'L). Among the interactions we consider, the 7^*^ coupling depends on all the 
moduli. 
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1 Introduction 

Constructing the low energy effective action of string theory in a certain background yields 
detailed information about the various symmetries of the theory. The degrees of freedom 
of the effective action are the various massless modes of the theory. Though in general, it is 
difficult to calculate the effective action, there are certain cases where a class of terms can 
be calculated exactly. Of course, this turns out to be possible because of the large amount 
of symmetry the theory possesses. In this paper, we shall be concerned with a particular 
example of this class of theories. We shall consider type II string theory compactified on T^, 
which has maximal supersymmetry and is conjectured to have an exact SL{2, Z) x 5-^(3, Z) 
symmetry [Il[2]- The S'L(3,Z) symmetry is a symmetry of the action, while the S'L(2,Z) 
symmetry is a symmetry of the equations of motion. Considering M theory on T^, the 
SL{3, Z) has a geometric origin as the group of large diffeomorphisms of the T^, and 
SL{2, Z) arises from the modular transformations of the complexified volume of the T^. 
This theory is a particular example of toroidal compactifications of type II string theory, 
which preserves maximal supersymmetry. The moduli space is a coset space H\G, where 
G is a non-compact group, and H is the maximal compact subgroup of G [3| H)n . Non- 
perturbative effects break the continuous symmetry to a discrete subgroup of H, which is 
the U-duality symmetry of the theory. 

The motivation for studying the theory in 8 dimensions arises from the fact that a 
certain class of terms in the effective action is known in 10 dimensions, and explicit forms 
of the couplings and their non-renormalization properties have been analyzed jSHH]. The 
8 dimensional case is the next one in order of complexity. Hence, this is the starting point 
for going down to lower dimensions. Our aim is to begin with the action oi N = 2, d = 8 
supergravity which is obtained by dimensionally reducing d = 11 supergravity on T^. We 
then want to construct a certain set of terms among the various higher derivative corrections 
to the supergravity action. The set of terms we want to consider are 1/2 BPS and satisfy 
non-renormalization properties, in particular, they receive perturbative contributions only 
upto one loop. These terms arise at the 8 derivative level in the effective action. We would 
like to use the constraints coming from supersymmetry to obtain equations satisfied by the 
moduli dependent couplings of these interactions in the effective action. Various aspects of 



^Only for d = 8, the moduli space factorizes into {Hi\Gi) (E) {H2\G2), where each factor satisfies this 
property. 



higher derivative corrections in 8 and lower dimensions with maximal supersymmetry have 
been analyzed in [T5H2I], and various properties of the couplings have been deduced. This 
has led to explicit expressions for the TZ^ coupling in lower dimensions in [2^123]. 

The effective action we shall construct is one particle irreducible, and hence has infra-red 
divergences. However, the equations of motion are duality invariant and coupled with the 
constraints of supersymmetry, certain terms are amenable to a detailed analysis. In order 
to construct a class of such terms in the effective action, we shall implement the Noether 
procedure to the required order in the derivative expansion, also taking into account the 
corrected supersymmetry transformations, generalizing the work of |8j. In particular, we 
shall use the invariance of the action under supersymmetry. We write the action and 
supersymmetry transformations as 

oo oo 

^ = S(°)+5^^("), <5 = <5(°) + 5^<5("), (1.1) 

n=3 n=3 

where S**^"-* and 5^^^ are the supergravity action and the supersymmetry transformations of 
the various fields at the two derivative level, respectively. There are arguments to suggest 
that S^^^ and S**-^-* vanish, and consequently so does 5^^^ and 5^'^\ Thus, the first correction 
to the supergravity action is given by S^^\ and this is the term we want to focus on. Our 
convention is that S*^"-* carries 2n + 2 derivatives. Thus using the Noether procedure, one 
has to implement the relations 

5(0)5(n) + §(n)g(0) ^ J2 5(P)5(«) = 0, (1.2) 

p+q=n 

upto a total derivative, for n = and n > 3. 

We begin with an analysis of the field content and the action oi N = 2,d = 8 super- 
gravity. This is followed by a discussion of the supersymmetry transformations at the two 
derivative level. In the next section, we discuss the issue of gauge fixing the local symmetries 
of the moduli space, as well as supersymmetry. We then construct the transformations of 
the moduli under U-duality. After that, we focus on the issue of constructing the effective 
action beyond the two derivative level. To begin with, we construct a set of higher derivative 
terms in the effective action which are 1/2 BPS, starting from on-shell linearized super- 
space. We then consider the role of supersymmetry in constraining these higher derivative 
couplings. We look at a set of couplings which involves only the U{1)\SL{2, M) moduli, and 
another set which involves only the SO{3)\SL{3, M) couplings. We also consider a coupling 



which involves all the moduli. We briefly discuss the systematics of the analysis for lower 
dimensions very schematically. 

For the couplings which depend only on the U{1)\SL{2,M.) moduli, we show that each 
coupling satisfies a first order differential equation on the moduli space which relates it to 
another coupling. From the explicit structure of the equations, we conclude that each cou- 
pling satisfies Laplace equation on moduli space. The couplings are given by automorphic 
forms of SL{2, Z) with non-trivial weights, which is determined by the U{1) charges of the 
corresponding interactions. The couplings which depend only on the SO{3)\SL{3, M) mod- 
uli behave in a more complicated way. These couplings also satisfy first order differential 
equations on moduli space which relate it to other couplings. However, the structure of the 
equations is such that, it follows that each coupling satisfies Poisson equation on moduli 
space, with source terms given by couplings in the same supermultiplet. Furthermore, the 
couplings for the interactions which carry non-trivial SU{2) charges are not automorphic 
forms of SL{3, Z), but transform in a complicated way. 

It follows that supersymmetry does impose very strong constraints on the structure 
of the higher derivative corrections. It would be interesting to generalize the analysis to 
lower dimensions, and also to look at interactions in the effective action which preserve less 
supersymmetry. 

2 The field content and the action of N = 2,d = 8 supergravity 

Let us first consider the field content of A^ = 2, c? = 8 supergravity [21], which is obtained 
by dimensionally reducing d = 11 supergravity [25j on T^. 

2.1 The bosonic degrees of freedom 

The bosonic fields are given by 

a J i J u AmU r>m /-i ^9 1 ^ 

In fl2.ip . e^ is the vielbein, and \x,a = 0, . . . , 7, where /i is the world index and a is the 
local frame index. There are 7 scalars in the theory which are parametrized by L^ and Ljj- 
which satisfy 

detL^ = 1, detLJ' = 1. (2.2) 



Here L^ parametrizes elements of the coset space SO{3)\SL{3,M.), and so m = 1,2,3 
transforms as the 3 of 5*^(3, M) while i = 1,2,3 transforms as the 3 of 5*0(3). Also L^ 
parametrizes elements of the coset space SO{2)\SL{2,M), and so f/ = 1,2 transforms as 
the 2 of SL{2,'R) while u = 1,2 transforms as the 2 of 5*0(2). Thus under 5*17(3, M) and 
5*0(3) transformations, L^ which carries 5 degrees of freedom, transforms as 

L^(x) ^ Oyx)V(x)i?"^, (2.3) 

where O G 5*0(3), and R G 5*L(3,R). Similarly, under 5*L(2,M) and 5*0(2) transforma- 
tions, L^ which carries 2 degrees of freedom, transforms as 

V(x) ^ Nl{x)Ly^{x)Sl, (2.4) 

where A^ G 5*0(2), and 5* G 5*L(2,]R). Thus the classical moduli space is 

(U{1)\SL{2, R)) (S0{3)\SL{3, R)) . (2.5) 

There are 6 abelian gauge fields A^'-'^ which transform as the (3, 2) of 5*L(3, R) x SL{2, R), 
and 3 two forms 5™ which transform as the (3, 1) of SL{3, R) x SL{2, R). Finally, the f/(l) 
invariant (anti) self dual field strength F^ , where F4 = dC + . . ., and G4 which is defined by 

^GL.A = ±,JL^, (2.6) 



form a doublet 



41 4^'^PA QpiJivp\± ' 



F^ 



i^r = (^M (2-7) 



under 5*L(2,R), and is uncharged under 5*L(3,R). Thus the action is invariant under 
5*L(3, R), while only the equations of motion are invariant under SL{2, R). The theory has 
128 bosonic degrees of freedom. 

2.2 The fermionic degrees of freedom 

Now let us consider the 256 fermionic degrees of freedom in the theory. The fermions of 
N = 2, d = 8 supergravity are charged under H, but are uncharged under G of the coset 
spaces H\G. Since we are now considering spinors, H is now f/(l) x SU{2). We use f/(l) 
rather than 5*0(2) for simplicity of manipulations because we shall consider Weyl fermions. 



and SU{2) because spin(3) = SU{2). In order to understand the dimensional reduction in 
the fermionic sector under 

spin(10, 1) -^ spin(7, 1) x SU{2), (2.8) 

consider a 32 component Majorana fermion r] in d = 11, which we decompose as 



where ipL and ipR are each 8 component chiral fermions of spin(7, 1) in the 2 of SU{2), and 
{o'i)J^ are the Pauh matrices. Thus exphcitly, 

where we have defined 

{^LAY^rL^, (2.11) 

and 

612 = -£21 = 1, e'^ = -e^' = l. (2.12) 

At various places, the spinor indices of SU{2) will be raised and lowered using the 
relations 

Va = eABV", V^ = -e^'^Vs. (2.13) 

Our summation convention is 

XY = X'^Ya = -XaY^. (2.14) 

The matrices T"^ in d = 11 (where A = 0, 1, . . . , 10 are the frame indices) satisfying 

where our metric has mostly plus signature, decompose as 

f" = r" ® 1, 

r = Tg^ai, (2.16) 

where Fg is the d = 8 chirality matrix defined by 

r9 = ir°r^..r^. (2.17) 



r = ( ° T'l , (2.18) 



For the F" matrices, we consider a chiral basis given by 

where 

7V + 7V = 2r7"^ (2.19) 

and T]"-^ = diag(— , +,...,+). We consider an exphcit basis for the 7" and 7° matrices given 
by 



and 



7° 


= 1® l(g)l, 


7^ 


= cr^ (g) cr^ (g) 0-^ 


7^ 


= 1 ® a^ ® (T^ 


7^ 


= 0-^ Octroi, 


7^ 


= a^ (g) 1 ® CT^ 


7^ 


= 1 (g) 0-^ (g) Or^ 


7^ 


= a^^a^^l, 


7^ 


= (r^^l®a\ 


7° 


= -7°, f = 7^ 



(2.20) 



(2.21) 



for / = 1, . . . , 7. Thus F° is anti-hermitian, while F^ is hermitian. Also 

^a ^ _^aT^ ^a* ^ _-a _ ^2.22) 

Note that rj in (12.91) satisfies the d = 11 Major ana condition 

V = Cnf, (2.23) 

where Cu is the rf = 11 charge conjugation matrix given by 

Cn = 1 ® 1 ® 1 ® 1 ® (T2, (2.24) 

where the factor of (72 acts on the SU{2) indices. Cu satisfies 

Cnf^Cn^ = -f^^, (2.25) 



as expected. 

Now, it is natural to ask, what kind of fermion is rj from the d = 8 point of view? Thus, 
we now think of it as a 16 component constrained Dirac spinor, with the SU{2) indices 
coming from the extended supersymmetry. To analyze this, we first need to consider a 
constrained Dirac spinor of A^ = 1, d = 8 supersymmetry. This is given bjo 



This satisfies the d = 8 Majorana condition 

^ = CgT/-^, (2.27) 

where C^ is the d = 8 charge conjugation matrix given by 

which satisfies 

Cgr^Cg"^ = r'^^. (2.29) 

Thus if) in fl2.26p is a pseudo-Majorana fermionu. Now, for the N = 2 theory 

i^LA\ f i'LA 



satisfies the condition 

^A = -teAsTgCs^''''. (2.31) 

Thus (12.301) is an SU{2) pseudo-Majorana fermion in the Weyl basici (see [28] for example). 
To show that we are indeed working in a chiral basis for the N = 2 fermions, consider an 
infinitesimal Lorentz transformation in d = 11, under which a Majorana fermion transforms 
as 

Sv = \^Ab^^\ (2.32) 

This leads to 

s^Pa = ^(Ur"' + ^e.^O/^B, (2.33) 



^It follows from the discussion below that -02 does transform as ipR. 

^This is called "pseudo" because Cg satisfies (|2.29p with a + sign on the right hand side, and not 

^In general, €ab can be replaced by the symplectic form ujab, leading to Sp{2n) pseudo-Majorana 
fermions. This structure for extended supersymmetry is exactly as in A'^ = 2, d = 4 where one has Majorana, 
instead of pseudo-Majorana fermions. 



where 

6 = ^ijkijk- (2.34) 

Now, as before, label 



which satisfies 

i^R = N^L- (2.36) 

The fact that ipL and ipn have opposite chirahties leads to 

NiUl"' + ^i^(TrN~^ = Ur' + ^i^^'■ (2.37) 

Thus 

N = Ma2, (2.38) 

where M satisfies 

M(7Y - 7V)*M-^ = 7V - 7V. (2.39) 

Thus A^ factorizes into the SU{2) part and the spacetime part, and (I2.39P is solved by 

M = 7° = -7° = 1, (2.40) 

and so 

i'R = c^2^2, (2.41) 

as beforqj. Also note that 

Tg^L = -^L, T^ijR = ijR. (2.42) 

Let us now tabulate the fermions of the A^ = 2, rf = 8 theory. The fermions of negative 
chirality are given by 

V-mLA, xIa, ^la- (2.43) 

In (12.431) . the spin 3/2 gravitini ipfj,LA transform as the 2 of SU(2), while the spin 1/2 
fermions Xla ^^^ Xla transform as the 4 and 2 of SU{2) respectively, and so 

aal = 0. (2.44) 

Under f/(l), i'^LA, Xla ^^^ "^la carry charges 1/2, —1/2, and 3/2 respectively. The positive 
chirality fermions are denoted by ip^RA, XiRA and Xra, and are the conjugates of the negative 



^This argument also goes through for A^ = 1 supersymnietry by looking at d = 8 Lorentz transformations, 
as there are no internal indices coming from extended supersymnietry 

8 



chirality ones, according to the discussion above. They carry f/(l) charges —1/2, 1/2, and 
—3/2 respectively. The supersymmetry transformation parameter e^A is in the 2 of SU{2), 
and carries f/(l) charge 1/2, while e^A carries U{1) charge —1/2. Thus 'ip^iA, Xla^ ^^^ 
Xla carry 160, 64, and 32 degrees of freedom respectively. 
For arbitrary fermions tpi and tp2, we define conjugation by 

ii;M^ = -44% (2.45) 

We also make use of the relations 

^il^^T^'^Pd,^^ = ^^Lr^'d.ij.L = ^^.R^^'d^^pR, (2.46) 

on using ( 12. 22^ . and ignoring total derivatives. In (I2.46p . we have also defined 

^P = i;^T', i^L = i'l i^R = -i^^R. (2.47) 

2.3 Relevant terms in the action 

Now let us consider some of the terms in the action which are relevant for our purposes. 
They are given by 

1 1 

r 2 r 2 

_i_J_l dLF+ p+^ivp>• —T?~ p-p.'^p>' 

4:S\L ^ ^^'^'^ ^ 1 4^i'pA-^4 



1 



F. 



H'i^ii[xr'""'ir]VL + i^lr'^'ix^^L - rLi"""'x^ 



iR 



48^/2 

+ %F {i^ll[M'''"'lr]rR + ^Ii'-'^IxXr - rRl'''"'X^L)\ (2.48) 

where the covariant derivatives are defined later. Thus, we get that 

T 2 

Gt^^upa = J^Kpupa + 2 /^L ^ y^XRl^^lpupaT^^rL + ^tl^upalX^L " XllpupaXiR 

T 2 

G4^^upa = J^Fipupa " ^ /^^ i (i'XLl^^l pvpaY^^rR + ^r1 P^vp^rlX^R ~ XRlpupaXiLJ , (2.49) 



''Thus, for example, {"ip l^^ d ^%p l^ = tpLj^df^tpL upto a total derivative. 



where L^ is defined shortly. 

In fl2.48p . the various field strengths are defined bjl^ 

1 



^ rpmU 
r) 2^v 



3fiu\m 






1 



1 nU j^pV 
2uX\ ' 






'ml 
2Ap]- 



We have also defined the (anti) self dual parts of any 4 form X4 by 



whert ^ 



Note that 



X± = -(X4±Z*X4), 






4! 



-abed 



efgh abed 



Z7 



efgh 



4! 



sfgh-abcd A^i^fgh 



^abcd 7 



Z7 



leading to 



^Mi'Apj^ 



4fMU\p 



Y^^px, 



ApuXpi 



Y^\PX 



4p,i/\p 



0, 



Also the 50(3)\5L(3,M) and SO{2)\SL{2,R) nioduh are contained in 



and 



respectively. 



A/f —fir j X.. 



Muv — L^LySuv, 



^Square brackets are normalized with unit weight. 
^We have that 

£01. ..7 = I7 



(2.50) 



(2.51) 



(2.53) 



(2.54) 



(2.55) 



(2.56) 



(2.57) 



(2.52) 



for the frame indices. 
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To understand the structure of the kinetic terms of the moduh parametrizing SO{3)\SL{3, 
consider L which parametrizes the elements of the coset space H\G. We use the Cartan 
decomposition (see [22] for example) 

-LdL-^ = P + Q, (2.58) 

where Q is in H, while P is in H\G. Thus P and Q are invariant under the global 
transformation L — > LG. Then the kinetic terms for the moduli can be expressed in 
terms of P, while Q gives rise to the composite H gauge field. Thus, for the coset space 
SO{3)\SL{3,R), we have that 

where P^jj is the symmetric, and Q^jj is the anti-symmetric part of the left hand side of 
(12.591) . P^ij is automatically traceless because detL^ = 1. 

It is also useful for our purposes to write the kinetic terms for the moduli only in terms 
of the matrix M. This is done by noting that 

P^^ij = —LmrLn.d^M"^^, (2.60) 



- P^,P>''^ = -d^Mmnd^M"^^ = -Tiid^Md^M-'). (2.61) 



which leads to 

To understand the structure of the moduli fields parametrizing SO{2)\SL{2,'R), it is 
convenient to consider the complex basis 

Lf = ^{L,^±zL,^), (2.62) 

where the subscripts in L_^ label the U{1) charges. Thus, we also have that 

{Lfr = L^, euvL}'L^=t. (2.63) 

The kinetic term for the moduli can be expressed in terms of the 5*17(2, R) invariant com- 
bination P^ defined by (it carries U{1) charge 2) 

P^ = -euvL^d^i:^, (2.64) 

while the composite U{1) gauge field is given by the SL{2,W) invariant combination 

Q^ = -tuvL^d^L^. (2.65) 

11 



Let us consider the transformations of the various fields under infinitesimal U{1) x SU{2) 
gauge transformations. Under a U{1) gauge transformation, a field $g carrying f/(l) charge 
q transforms as 

S<^g{x) = iqJ:{x)<^g{x), (2.66) 

and thus the gauge field Q^ transforms as 

SQ^ = d^E. (2.67) 

Thus the covariant derivative 

V^^g = 9^$, - 2gg^$g (2.68) 

transforms as 

6V^% = iqi:V^<^g. (2.69) 

To consider SU(2) gauge transformations, let us define 

1 

Thus under a gauge transformationL^ 

SLr = -e.jke,L,^, (2.72) 

we have that 

SA^i = dfj_9i + eijkA^jOk- (2.73) 

So, for ^ = {ip^, A), the gauge transformation 

5<iJ = -^V^^, (2.74) 

leads to the covariant derivative 

V^^ = d,^ - '-A^^, (2.75) 

which transforms as 

SV^^ = '-e^a'V^m. (2.76) 



^"This also leads to 

5Lmi — —^ijkdjLmk, (2-71) 

on using S{L^"^Lmj) = 0. 

12 



For X* satisfying aix^ = 0, we also have that 

X' = ie'''a^x\ (2.77) 

leading to 

= -ie^a\^ + -e^a^x\ (2.78) 

on using 

(^iXj - cTjXi = -iUjkXk- (2.79) 

So the covariant derivative 

-D.r = d,x' + ^Aja^x' - |^>^X\ (2.80) 

transforms as 

6V,x' = -^9'cr'V^x' + jO^^rW.x', (2.81) 

on using the Schouten identity 

^^jk^i ^ ^iij^k ^ ^jik^i ^ ^ku^j ^ Q ^2.82) 

Thus, for the various fermionic interactions in fl2.48p . we have that 



-AWXl - - 
^.Xl = ^mXI + ^^>Vl - Y^;/cr^xl + 2QmXl, 



T^fi^uL = D^tp^L - -A^a'ip^L - -QtM-il^uL, 



V^Xl = D^\L--Ay\L--Q^\L, 



1 . . % 

T^fi^R = D^Xr - -A^a'XR + —Q^\r, 

V,Xr = D,x'R + iA^a\^j,-^-^A^a^XR-\Q,XR, (2.83) 

where D^ is the ordinary covariant derivative. 

It is convenient for our purposes to redefine field strengths that are invariant under G, 
and carry specific charges under H . For the 2 form field strengths, we define 

Tpi , rpmU T V J i 

FTfiiy = (^uvF^uL- L^, (2.84) 

13 



which carry charges 1 and —1 respectively under U{1), and are in the 3 of SU{2). For the 
3 form field strengths, we define 

which is uncharged under f/(l), and is in the 3 of SU{2). Finally, for the 4 form field 
strengths, we define the selfdual field strength 

T/^upa = ^uvL_ F^^^p^, (2.86) 

which carries U{1) charge —1, and the anti-selfdual field strength 

Tfu^pa = (^uvL+ F^pupa^ (2-87) 

which carries U{1) charge 1. Both T^ are uncharged under SU{2). 
Thus, we have that 



T+ = — 

-^Apupa T 1 



T. 



Apupa T 



Ftpupa + y^\f\Rl^^lpup<Tl^^i^TL + i^llpupalX^L " tlli^upaXiR 

L^ f - - M 

Kpupa + ^ (i^XLl^^lpupal^HrR + i^ilpupalX^R ' XnlpupaXiLJ \- (2.88) 



3 Deriving the supergravity action and the super symmetry trans- 
formations 

In order to construct the relevant terms in the d = 8 action as well as the supersymmetry 
transformations of the various fields, we start from the action and the supersymmetry 
transformations of the d = 11 supergravity theory. The action is given by [25] 

1 IrjnT^SMNPQ^s + 12f't^^v''){FMNPQ + Fmnpq) 



192 



2 

'^ (I A 4)2 ^^^^ ^ "-pAfi...Af4-^M5...M8C'M9MioMii- (3.1) 

We denote the the local frame and world indices by A,B,... and M, N, . . . respectively. 
In (13. ip . V^/, Cmnp and tjm are the vielbein, the 3 form potential, and the gravitino 
respectively. We also have that 

Dniy — ^ — jVN = OmVn + g('^ + ^)m^^^abVn- (3.2) 

14 



We work in the second order formalism where oj^^/^^ is an independent field which satisfies 
its equation of motion (see ^30j for example), leading to 



uJ,r = uj,,^%V)+K,,^^. (3.3) 

In (I3.3p . ojf^/'^iy) is the standard spin connection of pure gravity given by 

uJm^Hv) = lv^^{dMVj'-dr,V,h-\v^''{dMV/-dj,V,h 

while the contorsion tensor Kj^j^^ is given by 

f^MABcbV^ + 2 (^Af f B^i - miTxnB + ^fif M?/i) • (3.5) 

The supercovariant spin connection in (13. ip is given by 



K -~-l 



^M — ^M + A 'Ic^ M 'Id 

= u;J^iV) + ^(^VMr^v^-VMt'^V^ + V^rMV^)- (3.6) 

For the 3 form potential, it is easier to work with the frame indices to perform the 
dimensional reduction, and so the supercovariant 4 form field strength F^^cf) is given by 

^ABCD = ^ABCb + 3^[ir_BC'^£)] , (3.7) 

where 

^ABcb = ^9[aC^bcd] + '^'^^[Ab (^)^cb]E- (3-8) 

Let us now consider the supersymmetry transformations of the various fields. Apart 
from the fermionic trilinear terms in the supervariation of the fermions, the other trans- 
formations can be directly obtained from [24j, as mentioned in detail below. In order to 
obtain the fermionic trilinear terms in the supervariation of the fermions, we consider max- 
imal supergravity in c? = 11 and obtain them by dimensional reduction, given the complete 
supervariations of the theory. We mention only those steps which are relevant for our ma- 
nipulations. The supersymmetry transformations and the local Lorentz transformations of 
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the d = 11 theory are 



" '-'ABC ~ 2^ [^-^ ''^] '^^D[AB^c] " ^M ? 



-Vf{6^'\f)v, + \x,^t^%, (3.9) 

where ^ is the supersymmetry parameter. A^^ is the parameter for local Lorentz transfor- 
mations. The supercovariant derivative DmC, is given by 

DM^={dM + \u^,^^T^^)^. (3.10) 

Let us briefly mention the relation between the various fields we have and those used 
by [24pH While they work directly in terms of the two moduli of U{1)\SL(2, M) and thus 
the 5'L(2,R) covariance is not manifest, we maintain the explicit covariance by working in 
terms of L_^ . In fact, we shall later gauge fix the U{1) transformation, which will force the 
SL{2,Wj transformations to be realized non-linearly on the various fields. Our formulae 
then exactly reduce to the ones obtained by [2l]. We now mention the relations needed to 
go from their formulae (SS) to ours. We set k = 1, as well as 



and so 



e"^^^ = U2, Bss = -Y^ e;^^ = e/, L^^' = L^,, (3.11) 



^^lij ~ ^mi ^m ~ Qm- (d.lzj 



For the two 1 form potentials, we set 



Ami /\m2 

Af' = ^, Bf' = ^, (3.13) 



leading to 



_ pml /~<mSS _| 



TpmSS I?"il /^mSS ( Tpva2 tt T7ml\ fQ 1 A\ 



For the 2 form potential, we set 



^-"uj/m ~ Bfj_ujn n^rnnpi^n ^y ^u ^ii j) (3.15) 



^^ correcting several typos 
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leading to 

For the 3 form potential, we set 

leading to 



G 



ss 

fiupm 



?5S 



-R 



Sfiupm- 






1 



^ p.v\p ~ 2 ^l^^^P' 



(3.16) 
(3.17) 
(3.18) 



We shall later need to construct certain quartic fermion couplings in the d = 8 theory 
starting from 03. ip . For that, we shall need to know the relations between the fields F^j^^fy 
and the fields Gf^, G§^ , Gf ^^ and the scalar B^^. They are 



^ puXp 



G 



ss 

pvpm 



^ ^p ^v ^X ^p ^ abed -I 

e-'^''/'e:e,!'efL'R 



p. ^v ^p m 



abcii 



G 



ss 

' pvm 

dpBss 



i 2</,SS/3 np a br ir jp . 
c t^ c^ Cy u^ Up 1 abij 1 



6 



-e'^''/'e,:'e''''R 



aijk- 



To obtain the fermions, we set 



^r = ^/^' Xf^ = Xi + ^^^9-, 



(3.19) 



(3.20) 



where ipf^, Xi and A are SU{2) pseudo-Majorana fermions in the Weyl basis as discussed 
before. Thus for the action in (I2.48p . this gives us 



e-i£(o)=4(e^^)-i£^^. 

Note that the complete set of Chern-Simons terms in the action is given by 
1 



(3.21) 



AC 



ss 



^Pi...ps 



123 



-iSS 



^ss 



)S5 



'-'-'^SS^ pi,..p^^ p^...pg Ot >-J^i^2M3i M4A»5M6J M7A«8fc 



SS 



iooQT7'55 fl^^ ((f) R^^ ^n^^^ —(^^^ R 

— QfiR-^-^ (f) nSS\fySS 

■^^^ P2PiPiy i^^:- Pdi) piP7Psi ' 

where we have repeatedly integrated by parts, and used the Bianchi identities 

mSSnSS 



(3.22) 



Q fySS ^ 

^[X^ pupa] ^^[Xp ^^upcr\mi 



AF^rG 



f, r^SS _ q^ T^nSS^pSS 



(3.23) 
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In fl2.48p . we have only kept the first term in fl3.22p . The other terms in (I3.22p are 
independent of F^^^p^, and so do not contribute to G^pypa. 

Of course, the values of L]/ have to be substituted using the ones obtained later in fl4.6p . 
Some of these calculations have an overlap with [21], who work in a covariant formalism. 

Note that the relation between the d = 11 fermionic fields and the d = 8 fermionic 
fields which are relevant for our purposes are given in equations (29) and (34) of |24J^i . In 
particular, the c? = 8 fermions are given by [2 



r^. = e*ss/6(^^^ + ^^r9^), (3.25) 

where we have also used (I3.20p . 

This is useful in constructing the only other term in the action (I2.48P which contributes 
to the definition of G^p^pa apart from those already mentioned before. This term is given 
by 

eSlCss = -^ {v^T^^'''^% + 12r^'^rS'^)F.,,,, (3.26) 

where Fabcd is a particular component of F^j^^jj. 

Let us now mention the local Lorentz transformation parameters in d = 8 which are 
obtained directly from d = 11, as described by [21]. Dimensional reduction on T^ breaks 
the 5*0(10, 1) symmetry of the frame indices to S0{3) x S0{7, 1), which is implemented 
by a gauge choice VJ^ = 0. Preserving this gauge choice, as well as requiring that L~^5^^^L 
is in SO{3)\SL{3,W) fixes Xia, and the local Lorentz transformations parameters A^^ and 
X'ij of S0{7, 1) and 5*0(3) respectively in terms of Xab and Xij. These relations are given by 

A^ 



A 



la 



-^'^a[Xi + ^i^9^ 



^ab — -^ab + -^^abX, 
O 



K, 



^ij - 2^'^9y^iXj - (^jXi) - -eijke(T''X. (3.27) 

We shall construct the complete supervariations of the various fermions from 03. 9p . remem- 
bering to parametrize the residual local Lorentz transformations by A^^ and A^-. Thus, the 



^Equation (34) should read 

^ = e-'^'^/^e. (3.24) 
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d = 8 supersymmetry and local Lorentz transformations are given by 

S^%a = --- + \ (ALr'^ + X[,CT^')va + KtVb, (3.28) 

where the . . . are the supersymmetry transformations given in fIC.ll) . 

It should be noted that the supersymmetry transformations for all the fields given in 
(IC.ip are not simply obtained from those in [24| by substituting the various expressions 
above. This is because they have already gauge fixed the U{1) transformations, while our 
transformations are manifestly gauge covariant. Thus their transformations are the same 
as what we have only for the fields that are U{1) invariant. For the other fields, their 
transformations have extra terms, which we shall describe later when we fix the U{1) gauge 
symmetry. These extra terms, which are not gauge invariant, take a very simple form at 
the end, though they look very complicated to start with. Various cancellations which are 
a consequence of supersymmetry are responsible for this simplification. In appendix (iDl) . 
we outline the nature of these cancellations, which is quite intricate. Thus, the complete 
supersymmetry transformations of the d = 8 theory are given by (IC.ip . 

4 Gauge fixing the local symmetry transformations 

We have two sets of moduli, each of which parametrizes a coset space H\G. We first gauge 
fix H to obtain the physical degrees of freedom in L. We then show how the G symmetry 
is realized non-linearly on the moduli. Finally, we consider the gauge fixed supersymmetry 
transformations. 

4.1 Gauge fixing L 

So far we have parametrized the elements of the coset space H\G in terms of L. We shall 
now gauge fix L to obtain the physical degrees of freedom. To do so, we use the Iwasawa 
decomposition to represent L as 

L = HKN, (4.1) 

where if is a matrix of gauge transformations, i^ is a diagonal matrix of unit determinant, 
and A^ is an upper triangular matrix with diagonal entries unity. Thus to work in a fixed 
gauge, we simply remove the factor of H in f l4.ip . 
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Let us now mention the moduli of type IIB string theory on T^. The complex structure 
U of the T^ parametrizes the moduli space SO{2)\SL{2,M.). The 5 degrees of freedom 
parametrizing the moduli space SO{3)\SL{3,M.) include the complexified coupling r ob- 
tained from 10 dimensions, and the Kahler structure T of the T^ defined by 



T = Bn + iV, 



(4.2) 



where V is the volume of the T^ in the string frame. The remaining modulus is B^, 
where Bn (Br) is obtained from the NS-NS (R-R) 2 form in 10 dimensions. Thus, the 
SO{2)\SL{2,R)r of S-duality, and the SO{2)\SL{2,m)T of T-duality are intertwined in 
the SO{3)\SL{3, M) moduli space. We now express the components of L in terms of these 
degrees of freedom. 

For the U{1)\SL{2,'R) moduli space, we take 



r V 







which leads to 

and 

Thus we get that 

yielding 



So in the action, we get that 





l/VU'2 



V 



1 



'I f/l 

/U2V0 U2 



^2 



U2 





-f/l 

1 






L} Li 



1 (\U\'' -f/l 



-f/l 
1 



P„ 



Q, 



V2U2 



d^U 



1 U 

1 U 



2U2' 
' 2Uo ' 



- 2P*P'' 



d^Ud^U 



(4.3) 

(4.4) 
(4.5) 
(4.6) 



(4.7) 



(4i 
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For the SO{3)\SL{3,'R) moduli space, we take 



v^2^^/^ 







2" 









,1/6 



Tn 







T2 

T-l/7-2 
1 



/ 



U 



1/6 







-ImE ReB\ 

T2 -Tl 

1 / 



(4.9) 



where z/ = {t2V'^)^, and B = Br + tBm- 
This leads tc ^^ 



M„ 



z/ 



1/3 /t-2/z/+|5|2 -Re(f5) Re5\ 
-Re(ffi) |r|2 -n . 



(4.10) 



^2 \ Re5 -Tl 1 / 

It is useful to see how the f/(l)\5L(2, M)^ and U{1)\SL{2,M)t subspaces of (USD are 
intertwined. To see the U{\)\SL(2,M)r subspace, we drop the B dependence for simplicity, 
and focus on r and V , leading to 



Z/-1/2 



(4.11) 



1 



To 



where u is S-duality invariant. To see the f/(l)\S'L(2, M)^ subspace, we drop the Br and 
Tl dependence for simplicity, and focus on T, T2 and V , leading to 



'VT2 -T1/VT2 0' 
K = e"^/' I I/VTs 

e<^ 



where 
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r.V 



(4.12) 



(4.13) 



is the T-duality invariant d = 8 dilaton. 



4.2 Non— linearly realized G symmetry 

Having gauge fixed H, let us now see how the G symmetry is realized non-linearly on the 
moduli. First consider the U{1)\SL{2,'R) moduli space, where 



u 



^±iS T V c u 



L^ ^e^'^L^Sy 



(4.14) 
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This is the same as [H] on sending n —J- — ti and B]y -^ —B 



N- 
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It is sufficient for our purposes to look at infinitesimal transformations. Thus taking 

where a,/3,7, and 5 are infinitesimal real parameters, requiring reality of L^ in f l4.6p . we 
get that 

S = -7[/2. (4.16) 

Also including the constraints coming from L^, we get that 

6U = /3- 2aU - 7?7l (4.17) 

It is also easy to write down the finite transformations. Taking 

Sv" ^ (^ :) . (4.18) 

where a,b,c,d eM. and ad — be = 1, the above analysis leads to 

tanS = — r^^, (4.19) 

cUi + d ^ ' 

thus leading to the S'L(2,M) transformation 

^r aU + b , , 

U -^ — -. 4.20 

cU + d ^ ^ 

For the SO{3)\SL{3,R) moduh, in ([23D, we take 

'l + a b c \ 

i?"^=| d l + (3 / h (4-21) 

g h 1 — a — (5 j 

where a, /3, 6, c, (i, /, g, and /i are infinitesimal real parameters, and 

O' , = 5i^ + e^judk. (4.22) 

Thus preserving the gauge choice L2 = L^ = L.^ = in (14.91) . we get that 

Oi = clraB — /r2, 

^' = ^\/?' 

^3 = --L(6 + cri). (4.23) 
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Thus, the transformations of the remaining non-vanishing elements of L^ lead to 
5v = -3z/ fa - cReB + -^^^^Im b) , 



(b + CTi) 

5t = {a + 2l3-cB)r-bB-h + fr\ 



5B = {2a + (3)B-'-^^^^^ + g-dT + fTB-cB^. (4.24) 

One can consider finite transformations as well. In order to do so, we use the definition 
of the finite form of the matrix O in (14.221) given by 

O^ = ^TT{g-'cx,ga,), (4.25) 

where g is an element of the SU{2) group, and the trace is in the fundamental representation 
of SU{2). This follows from the defining equation for the transformation matrices D of the 
adjoint representation of any group, given by 

g-'Tag = Dj'ig)n, (4.26) 

where g is an element of the group, and Tq are the generators in the fundamental represen- 
tation. Thus, (I4.25P follows for SU{2), where 

g = cos-^ + i^^sm-^, (4.27) 

2 1^1 2 ' ^ ' 

and we have chosen the normalization in (I4.25P to obtain (I4.22p in the infinitesimal limit. 
This leads to 

cin Ifll 9fl f) \f)\ 

0^(^) = 5.,cos|^l + 6,,,4^ + ^sin^^. (4.28) 

This representation is called the axis-angle representation in literature. It consists of an 
SO (3) rotation about an axis given by 

n = — , 4.29 

by an angle \6\. One can then proceed exactly along the lines of the above discussion to 
obtain the finite transformations. Thus the finite transformations are given by the solution 
of a set of involved equations, which are difficult to manipulate. Thus to obtain the finite 
transformations, we use a different representation of S0{3) rotation matrices. 
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We parametrize an arbitrary 50(3) rotation by successive rotations around the 2, 3 and 
1 axes by angles —02, 03 and 0i respectively, and so 



O = R23{(pl)RM3)Rl3{-^ 



(4.30) 



where 




(4.31) 



1 

^23(00 = COS01 

\0 — sin0i cos0i^ 

for example. These angles are called the Tait-Bryan angles in literaturqlj. Thus we have 
that 

COS02COS03 sin03 — sin02COS03 

-cos0icos02sin03 + sin0isin02 cos0icos03 cos0isin02sin03 + sin0icos02 
sin0icos02sin03 + cos0isin02 — sin0icos03 — sin0isin02sin03 + cos0icos02; 



0^ = 

Thus, for small angles. 

We further define 

Thus, preserving the gauge 



!),• — 9i 



,.j — T j JDn 

i"*^ = L^ = 0, we get that 



(4.32) 
(4.33) 

(4.34) 



sin02 = 



COS02 = 



choices L2 



/^ 3/^ 2 - /^ 2/^ 3 

/^ 2/^ 3 ~ A^ 2/^ 3 



^u\)^'' 



; 3/i 2 A*- 2/^ 3 



/3./,2 ^2^ 



sin03 



COS03 = 



5)2 + ifi\fl% - ^l\^l\ 

A'' 2/^ 3 ~ /^ 2/^ 3 

^^3)^ + (/^^2/^^3 - A^^3/^' 



H' 2H- 3 P 2/^ 3 

1 9 NO '. 7 9 ' 



\)^-' 



V \r- jr' z r' zr- j/ ' \r- zr „ . „, 

^3f^\ - f^V3y + if^V3 - f^Vs^ + if^\f^% - f^V2y 



Finally, preserving the gauge choice L^ = 0, we get that 

/i^3SeC03 



(4.35) 



sm0i 



COS01 = 



v/(/i^3SeC03)2 + (/i^3Sin02 + /i^3COS02)^ 
/i^3Sin02 + /i^3COS02 
A/(/i^3SeC03)2 + (/i^3Sin02 + /i^3COS02)^ 

be confused with the Euler angles, which 



(4.36) 



^"^Also caUed yaw, pitch and roll. These angles are not to be confused wii 
involve three rotations as well, but the first and third are about the same axis. 
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where we have used the relation 

fi^^cos(f)2 — yU^3sin(/)2 = —fi'^^taiK^^. (4.37) 

There is an overall sign ambiguity in obtaining f l4.35p and f l4.36p . which is fixed by taking 
the small 0j limit, and matching with f l4.23p . Thus the angles 0i, 02 and 03 are fixed, which 
when inserted into the expressions given below determine the complete set of transforma- 
tions. The remaining expressions are obtained by varying the non-vanishing elements of 
the vielbein leading to 

^' = (o>^)-^ 



t' = ' ' 



^ jH' 3 

B' = ^ ' /^\ (4.38) 

C>'3 



where we have used 



(0Vi)(0>^;)(0V3) = 1- (4.39) 

It is straightforward to write down these explicit expressions. We keep them implicit as 
they are quite complicated and shall be calculated explicitly later. 

The coordinates u, t and B in (I4.24p we have chosen to parametrize the SO{3)\SL{3, M) 
moduli space are a natural choice from the U{l)\SL{2,M.)r point of view. To see this, we 
take the corresponding SL{2, M.)^- subspace in (I4.2ip given by setting a = b = c = d = g = 0. 
Then (I4.24p yields that (5z/ = as expected. Also we get that 

ar + b B , ^ 

T-^- B^- ., (4.40) 

CT + a CT + a 

where a = 1 + /3, 6 = —h, c = — /, and d = 1 — (3 in the infinitesimal limit, as required. 

Another useful parametrization of the SO{3)\SL{3,M.) moduli space is by the coordi- 
nates T, ^ and e"^*^, where 

^ = -BR + tnV, (4.41) 

which is natural from the U{1)\SL{2,M.)t point of view which follows from the discussion 
below. Thus the coordinates 0, T and ^ are related to u, B and r by (14.131) and 

T = —(lmB + tT2V 

e = -(lmiBf)+inT2Vy (4.42) 
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This leads to 



e-^/^/^2 -e^^/Hmi/T2 



V 







,20/3 



/ 



and thus 



-^''■^mn 



,40/3 



g-20|2^|2 ^ (im(^f ))VT2 -(e-2^Ti + e2lm(er)/T2) Im(eT)\ 



Im(eT) 



(^2^T2e-2^)/T2 
-6 



Proceeding as before, for infinitesimal transformations, we get that 



VT2 

02 = ce-^VT2, 

03 = -m + c^2) 



as well as 






5T 
5^ 



T2 ±2 

-.2 



^a-p)T-d-f^ + bT' + en, 

-g-hT+{P + 2a)i + c^^ + bTS, + icTe-'^^ - ife-'^^. 



The finite transformations are given by 



,20' 



T' 



(o>- 3 






<^ j/^ 2 



e' = (OVi) (OV2)(OVi)-(OVi)(OV2)-^(0\yi)(OV2) • (4.47) 



(4.43) 



6 • (4-44) 
T2 I 



(4.45) 



(4.46) 



Consider the SL{2, M.)t subspace in (I4.2ip given by setting a = —/3, c = f = g = h = 0. 
Then (I4.46P yields that 50 = as expected. Also we get that 



T^2l±l, (^^ 



(4.48) 



cT + d cT + d 

where a = 1 + a,b = —d, c = —b, and rf = 1 — a in the infinitesimal limit. The fermions 
also transform accordingly by gauge transformations given by the 6i. 

A similar analysis for N = 8,d = 4 supergravity has been carried out in [33]. 
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4.3 Gauge fixed super symmetry transformations 

Now let us consider the gauge fixed supersymmetry transformations of the moduli. In order 
to maintain the choices of gauge f l4.6p and fl4.9p . we have to make additional gauge transfor- 
mations with field dependent parameters. First consider the moduli for the SO{2)\SL{2, M) 
coset |34]. From (IC.ll) . preserving the reality of L^ gives us that 

^e = -'-ieL\R-enXL). (4.49) 

Also including the effect of this compensating gauge transformation on L_^, we get that 

5(o)[/ = -2iU2eR\L, 5^^^U = 2iU2eL\R. (4.50) 

We next consider the moduli for the S'0(3)\S'L(3,M) coset, where including compen- 
sating gauge transformations, we get that 

5(°)L^ = K,L^ - ^^'e]L^, (4.51) 

where 

Kj = "2 (^dcriXiR + (TjXiR) - ^RicTiXjL + ctjXil)) ■ (4.52) 

Thus Ajj is real and satisfies A^ = Aji, as well as 

An + A22 + A33 = 0. (4.53) 

So Ajj has 5 independent components which we can take to be An, A12, A13, A22, and A23. 
For our purposes, it is very convenient to explicitly use 

Aij - -5^jKkk (4.54) 

in place of Aj^ in (I4.5ip . While it gives no extra information, the tracelessness is automatic, 
and we do not have to choose an explicit basis for the 5 independent components. 

Proceeding as before, preserving the gauge choice L^ = L^ = L^ = in (14. 9 p or (14.430 . 
we get that 

e\ = -A23, 

dl = Ai3, 

ei = -A12, (4.55) 
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which together with the remaining supervariations in ( I4.9P gives us 
5(o)z/ = -2(An-^(A22 + A33))^^, 



2 

^^r = ir2(A22-A33 + 2iA23), 



22-A33)Im5-2Ai2W-). (4.56) 



(5(0)5 = 2(Ai3W^-A23lm5)+«((A 

In the coordinate system given by f l4.43p . we get that 

S^'^ = (A33-^(An + A22)), 
<5(°)T = T2(-2Ai2 + 2(An-A22)), 
(5^°)^ = -2(v^Ai3e-^ + Ai2lmO+^((An-A22)Ime-2A23v^e-'^). (4.57) 



This also leads to extra terms in the supersymmetry transformations for the other fields, 
of which, the fermions are relevant for our purposes. For the fermions, the extra terms in 
the supervariation which have to be added to fIC.ip are 



^ I? 7 

6Xn = --J:M + fyXR, 

^ 1 % ■ ■ 

f^^Mfl = --^ei'i^R + -0'y4jf,R, 

5x1 = --^eXl-^Oia^xi + jOia^xl, 

h-R = l^eX'R-^eia\^ + ^eia^XR, (4.58) 

where S^ and 61 are given by (I4.49P and (14.550 respectively. Thus from now onwards, the 
complete supersymmetry transformations of the supergravity theory will be denoted as 6^^^ . 
In particular, 5^^^ for the various fermions is given by the sum of (IC.ip and (I4.58p . 

5 Transformations of the moduli under U— duality 

In the above discussion, we have gauge fixed the H symmetry transformations to obtain 
the physical degrees of freedom. This led to transformations of the various fields where the 
G symmetry is realized non-linearly. 
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We now focus on these transformations of the moduh in detail. While the transforma- 
tions of the moduli parametrizing the coset space SO{2)/SL{2, M) were easy to write down 
explicitly as given above, this was not the case for the moduli parametrizing the coset space 
SO{3)/SL{3,M) due to the gauge redundancy. So for this purpose it is easier to use the 
matrix M, which is gauge invariant. In fact, under L — )■ OLS, we have that 

M^n = L^L^5,, -> {S^MS)^n. (5.1) 

Thus, we obtain the transformations of the moduli using (15. ip . and we also change the 
notation slightly from before, for later convenience. 

5.1 Transformation under SL{2,Z) 

For the SL{2,'R) transformations, taking 

S=(_^e p). (5-2) 

where A, B, C and V are real numbers satisfying AV — EC = 1, (15. ip gives us that 

If AU + B AU + B ^ _ U, 



leading to 



as before. 



U'^:^^^, (5.4) 

cu + v ^ ' 



5.2 Transformation under SL{3, Z) 
For the SL{3, M) transformations, we take 




S = \-B V -J- , (5.5) 

\V- -£ Q ) 

where A, B, C, V, £, J^, Q, % and J are real numbers satisfying detS" = 1. 
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Again, using (15. ip . we get that 
1 



V 



u'^To 



u'^To 



z/TalCHg - JE2\' + [ulmiE^Es)]' 



3/2 



z/r2|Tir + Tsr + z/' Tilm(5r) - TalmE - Tgrs 



3/2 



CJ^Ts + z/Re(S2S3) 

:r2r2 + Z/|S3|2 ' 



Z/TslCSg - J^Ssp + [z/Im(H2S3)] 



1/2 



z/r2 |Tir + Tap + z/^ f Tilm(5r) - T^lmB - T^r^ 



1/2 



J^r2 + u\Es\^ 



ReB' 
ImB' 



AJt2 + z/Re(SiS3) 

r2Z/Re(JSi - AE3){JE2 - CH3) + z^'Im(HiH3)Im(S2H3) 
{J^T2 + iy\Es\^) [i^T2\CE, - JE2V + [z/Im(S2S3)]2] '^' 

z/r2fii/2 - u'^VL2/A 
{J^T2 + Z/IH3P) \uT2\T1T + T2P + z/2fTiIm(5r) - T2lm5 - T3r2 



(5.6) 



1/2- 



where 



Ti = 


= CF- 


-vj, 


T2 = 


= cg- 


-SJ, 


T3 = 


= vg- 


-ET, 


T4 = 


= AJ= 


-BJ, 


T5 = 


-- Ag- 


-jn, 


Te = 


-- Bg- 


-UT 


of (15.51) 


, and 




■^1 ^ 


AB + BT + n, 


^2 = 


CB + Vt + S, 


S3 = 


JB + 7T + g. 



(5.7) 



(5.^ 
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Also in the expression for Inii?', we have used 



n^ 



n-2 



iJE, - AE,)iJE2 - CS3) + (j7Hi - AEs)iJE2 - CE,) 
(Tif + T2)(T4r + T5) + (Tir + T2)(T4f + T5), 

-4 (Tilm{Bf) + Talmfi + Tglmr) (TJ.m{Bf) + T^lmB + Tglmr) , (5.9) 



for brevity. 

Thus we have that 



CS + Z^|S2 



■^ |2 



T'^T J- 7/1" |2 



1/2 



e"'^ 



B' 



JV2 + Z/IS3P 



z/rslCSa-jrSsP 



[z/Im(52S3)]^ 



1/2 



z/r2|CS3 - JE^Y + [z/Im(S2S3)]' U:rr2 + z/Re(SiS 



+ r2Z/Re(J^Si - ^S3)(J^S2 - CS3) + z/^Im(SiS3)Im(S2S, 



1/2 



where 



tan6'T- 
tan^B 



z/r2|CS3 - jTSsP + [z/Im(S2S3)] 



1/2 



CJ^r2 + z/Re(S2S3) 
r2Z/Re(J^Hi - ^S3)(J^S2 - CS3) + z/2lm(SiS3)Im(S2S3) 



[^jrr2 + z/Re(SiS3)][z/r2|CH3 - JSsP + [z/Im(S2S3)]2]V2- 
All this can be written compactly as 

1 



2 3 ('C22'C33 - 'C23) ) 



v't: 



T 



C23 + W ^22^33 — i\ 



23 



6 



33 



T^l _ 63 + ^('Cl2€33 — 'Cl3'C23)/v C22'C33 ~ '^23 



,33 



(5.10) 



(5.11) 



(5.12) 
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where 

^12 = ^Cr2 + z/Re(SiS2), 

^13 = AjT2 + vRe{Z{E^), 

63 = CjT2 + vRe{Z2%), 

62 = CV2 + Z/IS2I', 

63 = :rV2 + z/|S3|^ (5.13) 

One can also write down the expressions for the transformed moduh in terms of the 
coordinates e^*^, T and ^ on moduh space. This gives 



T' -- 
e - 


~ ^ ^733 ' 
(^12^/33 • 


- ^13^23) + V^33e"^^ 


(^12^23 • 


'722''?33 - ^723 

- ^3^22) + «tee"^'^/V^33 




''?22'733 - ''?23 



(5.14) 



where 




^2 = 


e-2^ 
T2 


^13 = 


T2 


^23 = 


g-2^ 
T2 


^722 = 


e-2^ 
T2 


^33 = 


e-2^ 



Re(^T + i3)(Cf + V)+ (a^^^ + B^ + 'H) (c^^^ + V^ + s)., 

V T2 T2 / V r2 T2 ^ 



\ ±2 I2 '' ^ -L2 J'2 ' 

^ T2 T2 

^jT + rf+tj'^ + r^ + ey. (5.15) 

J-2 ^ -L2 J-2 '' 

It is easy to check that the transformations (I5.12p and (I5.14p reproduce (I4.24p and (I4.46P 
in the infinitesimal limit. 

This continuous symmetry of supergravity is broken in string theory by non-perturbative 
effects. The full theory has a discrete U-duality symmetry SL{2, Z) x SL{3, Z). Under this 
symmetry, the various fields continue to transform as above, the only difference being that 
(15. 2 p and (15. 5p have integer entries. 
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6 A class of interactions in the higher derivative action from on— 
shell linearized superspace 

In order to construct higher derivative corrections to supergravity in the low energy effective 
action, consider N = 2,d = 8 superspace with superderivatives given by 

DL = ^ + ^Otr^„ Di = --^ + teird,. (6.1) 

The superspace fermionic coordinates 9^ and O^i carry U{1) charges 1/2 and —1/2 respec- 
tively, and are in the 2 of SU{2). The degrees of freedom of the supergravity multiplet are 
contained in linearized superfields of this superspace. In particular, they are contained in 
a chiral superfield W and a linear superfield Labcd [35l|36] . 



6.1 Chiral and linear superfields 

The chiral superfield W satisfies 

DraW = 0, DlaW = 0. (6.2) 

It carries charge 2 under f/(l) and is uncharged under SU{2). The hnear superfield Labcd 
which satisfies the reality condition /.^-Scd ^ (Labcd)* is totally symmetric in its SU{2) 
indices, and satisfies 

L>l{aLbcde) = 0, Djk^aLbcde) = 0. (6.3) 

Thus, Labcd is in the 5 of SU{2), and is uncharged under f/(l). 

Since we are dealing with a theory with maximal supersymmetry, it is expected that all 
the fields will be part of a single supermultiplet. This is indeed the case, because the chiral 
and linear superfields are not independent, and satisfy the on-shell relations 

DlaY'^DlbW = D^r^D^LABCD, DraT'DrbW = D^^^" D^ Labcd- (6.4) 

We now write down some of the components of the chiral and linear superfields at low 
orders in 9^, Or (ignoring various numerical factors), which will be relevant for our purposes. 
The lowest component of the chiral superfield W is given by 

euvL^SL^ (6.5) 

which in the gauge (14. 6p . yields 

e^v^L/^L/ = ^. (6.6) 
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Thus we have that 
5U 



W 



Uo 



+ OrXl + 



Ra^r''er.)F' + {enY''^''er.)f^ 



IxvXp 



-ieRa'Y''OL)iOna^d,^/j,L) + (^fla^7^"^L)(^/i^^7""^L)i?^.Ap + 



(6.7) 



In order to avoid prohferation of indices while writing down the degrees of freedom in 
the hnear superfield Labcd, it is convenient for our purposes to define the real superfield 
Lij by 



Lij 



(„ \AB(„ \CD 



^ ^^iji.(^k) (o-fe) 



\CD 



L 



ABCD 



h.c. 



(6. 



Thus Lij is in the 5 of SU{2), and is uncharged under f/(l). The lowest component of Li 
is given by 

leading to 



Hj 



1 

2L 



Li oL^j + Lj oLmi — —OijLi. oLmk 



(6.9) 



^tj 



kj + [OLcr(iXj)R - ORa(iXj)L\ + ieki{iPf)k{0L'y^,(Ti9L) + {OLcr{i'^^uxOL)F!^^^ 



+ {ORl^"(^{iOL){0L(yj)l^'0R)R^uXp - trace 



+ ... 



(6.10) 



To write down explicit expressions for lij in a fixed gauge, we choose coordinates T, S, and 
g-2</> Qj-^ ^Yie S'0(3)/S'L(3,M) moduli space. This is because the couplings when expanded 
at weak string coupling, have perturbative contributions which are functions of only T and 
T . Thus ^ appears only in the non-perturbative part of the various couplings. Working in 
the gauge (14. 43 p . and using 



L/ 



(e^'^/^2 e^/3j^i/v^ e^/3ei/v^\ 
e-2^/3 



V 



(6.11) 



34 



we see that the 5 independent components of Uj are given by 

'' ~ 2T2 3 ' 

too — — , 

2T2 3 ' 

hs = -e^^<|). (6.12) 

In order to construct a class of terms in the higher derivative effective action, we need 
to construct superspace actions using the chiral and hnear superfields. 

6.2 Superactions 

First let us construct terms in the effective action involving the chiral superfield W. It is 
given by 

f d^xe I d^^9nf{W) + h.c, (6.13) 

where 



d^<^9n = e-'-'^'e^^-^'{det,---d9t,){d9RprM...denp,As)- (6-14) 

Using the Schouten identity 

^[ai...a8g/3i].../38 = 0, (6.15) 

it follows that (I6.14p is proportional to (D+l)*(D_l)^, where (D^l)^ and (D^l)^ are both 
spacetime scalars. Thus (16.131) is invariant under supersymmetry transformation^ using 
6W ~ D±lW. 

In order to construct terms in the effective action using the linear superfield Labcd, let 
us consider the combination 

L = L++++ + 4CL+++_ + 6eL++- + 4C'^+— + C'^-— , (6-17) 



-'^^All such discussions are true upto a total derivative. The ± SU{2) indices are defined by 

V±^Vi±iV2. (6.16) 
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where C is a complex parameter. Now from fl6.3p . we get that 



0, 



D+lL++++ — 0, 
D-lL++++ + AD+lL+++_ 
2D_lL+++, + 3D+lL++^- = 0, 

2D+lL+ + 3D_lL++— = 0, 

D+lL +4D_iL+ = 0, 

D-lL = 0, 



(6.18) 



and similarly for Dj^, leading to 



D^LgiL) = -CD^Lg{L), 
D+n9iL) = -CD^RgiL). 



(6.19) 



This ability to interchange D± when acting on g{L) is useful to write down a superspace 
action involving the linear superfield. 

Such a superspace action is given by [36] 



d'^xe / d!'dR<rdL 



(hdCg{L,C) + h.c. 



where 



d'end'h 



^Qi...a8 /3l.../38/ 



nAl 



(^^iJai • • • d0jil^){d6Lp^A-, ■ ■ ■ dOL/^^As): 



(6.20) 



(6.21) 



and the contour integral in the complex ( plane is around the origin. In order to to show 
that O6.20p is invariant under supersymmetry, we note that (I6.2ip gives 8 powers of D^ and 
8 powers of Dr, while a supervariation of L yields one more factor of Dl and Dr. However, 
using (I6.19p . it follows that D^^^l and D^l (and also D+r and D^r) can be interchanged, 
and so finally we end up with 9 powers of the same superderivative which vanishes, and 
thus the action is invariant. Thus using the linear superfield, we get the action 



d^xe / d^ORd^OL 



where 



We finally redefine 



g{LABCD 

g{Lij] 



giLABCo) + h.c. 
dCg{L,C). 

g{LABCD) +h.C., 



(6.22) 

(6.23) 
(6.24) 
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giving us the superspace action 

f d'xe f d^9nd'hg{L,,) (6.25) 

involving the hnear superfield. 

We now consider higher derivative corrections to supergravity coming from the super- 
space Lagrangian 



e^'C 



/"rf^%/W + h.c.] + j d'^Ond'^hgiU,). (6.26) 



7 Higher derivative corrections and super symmetry constraints 

We next consider the role of supersymmetry in constraining the various couplings which 
arise as the coefficients involving the moduli of the various interactions in the effective 
action. We first consider a set of couplings which involve only the SO{2)\SL{2^M) moduli, 
and then the ones which involve only the S'0(3)\5'L(3,M) moduli. Finally we consider a 
coupling which involves all the moduli. 

7.1 Couplings involving only the SO{2)\SL{2,M) moduli 

The set of couplings we shall consider are the ones obtained from linearized superspace. 
Thus let us consider interactions in (I6.26p . involving the chiral superfield. We shall see that 
these couplings are automorphic forms of SL[2, Z). In order to construct these interactions, 
we shall make use of the definitions 

^f = ^e"^-"^e^^-''^e^.B,...6A«i.3(A^i,---A^^J(Ag^...Agj 
= (Ali^li) • • • (A^gA^g), 



91 
/AlSNft _ ^- ai...as^l3i...l3s ( \Ai xAg \(\Bi xBt 



L/BtJ^ 



7!9! 
(^l)%1 ^ i"^-"^e''^-*eA,B,...eA«i.3(At.---Ats)(AS,---A5J, (7.1) 



6!9! 



such that 



(Al )a'^LI3 — ^A^I3^L 5 

i>^L)AUl = (Ai^) J<5,"<5^ - (Ai^)S<5?5^ + (Ai^)l5,"<5g - (Ai^)>,^5g, (7.2) 
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leading to 



l6Ai^ 






(7.3) 



Note that the interactions in (17. ip are particular examples of the general form 
(Al ;b 



8+r^/3r+i.../38 _ r(10 r) „j...« /3j.../3 „ ^ \^i X^8 VX^i X-^M 



■^« r(r + i)r(io) 

(7.4) 
for < r < 8, and are the only ones we need. 

We now consider interactions involving sixteen fermions in S^^\ In particular, we con- 
sider interactions of the form X]^ and ipLfj.'j'^X]^. These interactions mix with no other 
interactions in S"*-^-* under the supersymmetry transformations S^'^^ of the type discussed 
below. To consider these terms in the effective action, we take a subset of terms in (I6.13P 
given by 



5(3) 



where ^^ 



d xe 






+ 



This leads to 



£(3) 



^16 , f(ll -11) 



/^^^'-^^^([/, u)xf + /^"'-^^'(^, u)i;,,ryL' + ■■■ 



MX 15 



(7.5) 
(7.8) 

(7.9) 



where we have used F2 ~ 'ipiXi from flC.141) in the expression for FX]^. We have also 
rescaled f^^^'^^^\ and used the identity 



ii^r 



p,v 



-If 



16 



Note that the contribution of the type 



T'-\14 — T^- /'„,A'^^-^P^ ^AB ( \lA\afi 



AB 



vanishes because 



AB(\li\ali 
AB 



.--(A^) 



(7.10) 

(7.6) 

(7.7) 
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Now consider the supervariation under S^^^ of fl7.9p into terms of the form X^^€l'(Pr- 
Thus 



(12,-12) ^(0)_)^16 



^i^) 



+ .... 



(7.11) 



^(0)^(3) ^ ^^(0)^)^(12,-12)^1^6 ^g^^( 

+(5(o);(ii,-ii))^^^^.^^5 + /(ii.-ii)<5(o)(^^^^.A 

These supervariations can be evaluated using the supersymmetry transformations (JC.lll ^^ 
leading to 



(^(0)g)^(12,-12);^1^6 



(5(0);(11,-11))^^^^MA 






-2f/; 



dU 



-Xi\enr^P,R) 



'Jf^R) 



(7.12) 



^(12,-12)^(0)^16 ^ (| + |)/(i^'-^^)Ai^(6^7^^, 

The two contributions to the last equation in (I7.12p come from ^'■^^Al ~ F2eL and S^'^^Xl 
T~eL respectively. Thus, (17. lip gives us 



5(0)£(3) 



2^Dn/("'-^^) + f /(^^•-^^) 



Xf{enYij,n), 



(7.13) 



where Du is given by (]G.2p . 

Let us consider possible supervariations 5^^"* which acting on terms in C^^\ the super- 
gravity action, might also contribute to X]^eLipR. Based on the U{1) invariance of C^'^', it 
is easy to see that there can be no such terms in C^^\ Thus (I7.13P does not receive any 
more contributions and we get that 



^^^j(ll,-ll) ^ 69^j(12,-12)_ 

16 



(7.14) 



Next consider the supervariation under S^'^^ of (17. 9p into terms of the form A^^^e/jA/j. 
This gives us 



5(°)£(=^) = e 


■^^(0)y.(12,-12));^1^6 ^ y.(12,-12)^(0);^1^6 ^ /(H.-H) (5(0)^5^^)7^ A^^ 


Again using flU.ip. we get 


(^(0)^(i2,-i2))^i6 ^ 2^U,^l^^Xf{e,Xn), 


^(12,-12)^(0)^16 ^ i2/(i2'-i2)Ai«(6,A^), 




f^'''-''\S^'^,,)rXf = m('''-''hl%e,Xn). 



+ 



(7.15) 



(7.16) 
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The U{1) violating terms due to gauge fixing also have to be added, as discussed before. 
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The last equation in (17. 16p involves many contributions coming from flC.l|) . It can be 
deduced using the identities 



27 
Hi 



i%cT'XLnrr{Xl%,{-eLa'Xi 



^{%.cT^Xn)^{rr'{X'^)A,{eLa'rXj 



5i 
54 



{a'ennrriXi')A^iXLa%Xj 



--{%ua'ennrr{Xl')A,{XLCT'rXL 



12 



eUrr{xf)A,{XL%x, 



Y^{r'en)i{rr{Xf)A,CXL%uAL 

^irXL)i{lT'{Xf)A,{eLXH 

-^{rXL)i{lT'{Xf)A,{eL%.XR 



0, 



9 



Xl'ieLXi 
28i 



'~Fr'^L {'^lXr), 



20i 



-^Xl'ie^X 
28i 



9 



R 



— A^ (eiAi?), 
2i 



16/^ 



Af eLAi 



3 

jX^e.X 
32i 



R 



Xi'ieLXR) 



0, 



432 



a/3/^15^ 



{a'r'''^enU%r^iXf)ApiXnl.x,a^Xn) 



35i 



^{a'%,en)i{%r'{Xf)A,{XLr"'^'X,) 
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Xl {^lXr), 
-UtXfieLXR) 



Thus, (17.151) gives 



2^-12/ 



(12,-12) 



+ Utf 



(11,-11) 



AffeA^). 



(7.17) 



(7.18) 



One might think there can be a term of the form X]^Xl which might contribute for 
S^'^^Xl ~ ^rXlXr. Such a term, which does not follow from hnearized superspace, would 
have to be of the form 

(Ai')f^(a.A,);^xS (7.19) 

which vanishes using 07. 2p . 

Once again, we consider modified supersymmetry transformations S^^^ which acting on 
terms in C^^^ might contribute to A^^^e/jA/j. The only possibility is a term of the form A|A|. 
in C^'^^ This term in the supergravity action is given by 



£(°) = -e 
96 



30CXrYXr)CXr1^Xr) + CXrY''''Xr)CXr^,,,Xr) 
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(7.20) 



as deduced in flE.13|) . Now f l7.20p can vary into A^^^e/jA/j for 5^'^^\r ~ ^]^^r- In general, it 



is difficult to write down complete expressions for the corrected supersymmetry transfor- 
mations 6^^^ for any field. For the case we need, let us consider the supervariation given 

+g3iU,U)i^,.)^,ir''ej,)^]. (7.22) 

Though (17.221) looks complicated, it is the simplest set of terms that one can try based 
on the symmetries. Of course, we shall not consider the set of all possible supervariations 
due to its complexity, but we shall restrict ourselves to showing how this set of terms 
is good enough to lead to strong constraints on the structure of the equations based on 
general considerations. So from now onwards, our aim will be to obtain the structure of the 
equations, and not bother about the coefficients. Acting on (17.201) . we note that it gives 

^(3)^(0) ^ 252iegXl%eL\R), (7.23) 

where 

g = 91-692 + 4(?3. (7.24) 

It seems difficult to make stronger statements given that there are 3 undetermined moduli 
dependent coefficients in (17.221) . However, we shall now see that the constraints imposed 
by the closure of the superalgebra prove strong enough to determine what is needed for our 
purpose. 

Because we are dealing with a theory of maximal supersymmetry, there exists no off- 
shell formulation of the theory. In fact, the closure of the superalgebra is only upto the 
equations of motion of the various fields, and various local symmetry transformations. This 
is also true for A/j. Thus, 

[6„6,]Xn = ([5r,5f ] + [4°\5f ] + [5f\4°^] + . . .)Ak (7.25) 

closes only upto the equation of motion of A/j, and other local symmetries. We shall use 
this to our advantage and use the equation of motion of X^ to constrain gi, g2 and g^. 



^^A contribution of the type 

54(C/, U)i\L)%il,.^Xp)0,ir''''en)^ (7.21) 

vanishes because 7J^,;^p = "ftj.uXp- 
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Let us first consider closure at the level of supergravity. From the various expressions 
in (IC.ip . we get that 



m x(o) 



[Sr,6^^>]Xn 



-Y^L2{eLid^,XR) + -Y''(T'en2{eRilu(^'d^XR) 



1 

48 



7 



/luXp 



-(1^2). 
Using the Fierz and Schouten identities repeatedly, we rewrite (17.261) as 



^R2{^RlluXpdij,XR) 

(7.26) 



[sr\sP]x 



R 



{(^LiYeL2)df,XR 
1 



7 1 

T^(eLi7^eL2)7/. + -pr^i^Lil'"'^eL2)lpuX $Xr 
16 96 



',1^^ c 



eRi{eR20XR) + -T''(^Ri[(^R2lpu<P-^R) 



'1^2) 



(7.27) 



While the first term on the right hand side of (I7.27P is the standard derivative term, the 
remaining terms must vanish, leading to the free equation of motion for Xr. 

Now let us focus on the first corrections to 07.271) obtained from (17.251) on using only 
the terms given in (I7.22p . along with the ones which yield the SL{2, Z) covariant derivative. 
Considering only the 0{eRieL2) term, we get that 



[6r\6i'^] + [6?\6r])x 



\ij 



15 



^^U2^ + ^)9[-li-^L,r^L2)%X'^ 

^{eLir''e,,)%^,Xi' - \ 



+^(e"xi7^^'ez.2)VAAi' - 27^'^e^i(e«27..Ai^) 
7,_ _„ _ ,,. 1 



{2D,,g) - -{eLil>'eL2)l,Xf + -{eLil'''^eL2)l,.xX'^ 



--r^em(6ffi7M.Ai5) 



1 

— c 
4 



+ ;<5fA 



R: 



C(3) : 



where 5- is the supersjTiimetry transformation (I7.22p with parameter 



{^R2Xl)^R1- 



(7.28) 



(7.29) 



The choice (I7.29P is uniquely determined once the appropriate SL{2, Z) weight has been 
assigned to g. 

In (I7.28p . exactly the same linear combination of gi,g2 and g^ given by (I7.24p appears 
as the one in (I7.23p . Thus the closure of the superalgebra on Xr is good enough to provide 
us precisely the information we need. Thus, upto a local supersymmetry transformation, 
considering the terms of the form {eLi'y^€L2), {'^li1^''^^L2) and em (^i?27/i!y • • •) in (I7.27P and 
(I7.28p . we get the equation of motion 



0XR + lQ{D^^g)Xf + ... = {), 



(7.30) 
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which we match with the equation of motion obtained from the action fl2.48p and f l7.9p 

$\R-lf^''^-''^\'^ = Q. (7.31) 

Note that this cannot be the complete analysis. This is because (I7.28p does not contribute 
to the free equation of motion obtained from the term e/ji(e/j2 . . .) in (I7.27p . Thus there 
must be other supervariations which will also contribute, and which will yield the final 
equation we need. Even without worrying about the other possible contributions, from 
frr^ and frr^ we get that 

16Z)n^ + ... = -^/(^^'-^^), (7.32) 

where the . . . denote the other contributions. Based on SL{2, Z) covariance, we get that 

9 ~ f^''^-''\ (7.33) 

which must be also true of the other contributions. 

Note that there are more constraints that can be obtained from imposing the closure of 
the superalgebra acting on Xr. We looked at those terms that involve the Xl equation of 
motion. There are several other such terms, for example, the gravitino equation of motion 
also arises from the same closure. This leads to very strong constraints on the couplings. 

Now, from ( TTWf . (I7A8|) . (TTTStf and (ESI, we get that 



leading to 



Though we have not determined the coefficient a, clearly it can be determined based on the 
arguments we have made, and taking into account all the terms. Thus, fl7.35p is completely 
fixed by supersymmetry. 

The equations fl7.35p have a unique solution on the fundamental domain of SL{2, Z) 
given the boundary condition that the couplings have a power law behavior in U2 for large 
U2 based on physical considerations. In fact, the solutions must be given by ( IG.7P in 
appendix (IG.ip for m = 11 and 12, for some choice of s. Thus the value of a is also 
determined by the value of s. 
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In order to determine s, we simply use data from string perturbation theory. The U 
dependent one loop amplitude for the 7?.^ interaction is known to be given by fIG.lip . The 
TZ^ interaction is obtained in the effective action from linearized superspace using (16.71) . 
Thus based on the SL{2, Z) covariance of the various couplings, they must be related to 
one another by the action of the SL{2,Z) covariant derivatives (1G.2I) . Thus s = 1, which 
fixes 

a = -121. (7.36) 

Thus, supersymmetry completely determines the moduli dependent couplings of some of 
the interactions in the effective action, which we have obtained using linearized superspace. 
These interactions were obtained using the chiral superfield, hence the couplings are inde- 
pendent of the SO{3)\SL[3, M) moduli. In fact, the couplings which have non-zero weights 
under SL{2, Z) transformations, are the coefficient functions of interactions charged under 
U{1) and so cannot receive contributions from interactions constructed from the linear su- 
perfield, which is neutral under f/(l). This will also be true the other way round when 
we shall consider couplings which transform non-trivially under 5*^(3, Z) transformations, 
which are coefficient functions of interactions that carry SU{2) charge. They will depend 
only on the SO{3)\SL{3,R) moduh. 

Thus the only interactions which can have couplings that depend on both the U{1)\SL{2, ] 
and SO{3)\SL{3,M.) moduh are those that are uncharged under U{1) as well as SU{2). 
Among the interactions that follow from linearized superspace, one such interaction is the 
TZ^ interaction. Thus our above discussion fixes only the U, U moduli dependence of this 
couphng. 

Note that all the other couplings we have determined have some striking differences from 
the TV" coupling. These couplings receive contributions only from one loop in string theory, 
and there are not other perturbative or non-perturbative contributions. Also, unlike the 
7?.^ coupling, they do not have an infra-red logarithmic divergence at one loop, because of 
the absence of the lnf/2 term in its expression. 

There is a direct relationship between the U{1) charge of a specific interaction, and the 
weight of its coupling. The coupling of an interaction which carries U{1) charge g, is an 
SL{2, Z) automorphic form of weight {q/2, —q/2). 
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7.2 Couplings involving only the SO{3)\SL{3,'K) moduli 

We next consider a set of couplings that involve only the SO{3)\SL{3, M) moduli. To begin 
with, we shall consider a set of 16 fermion interactions arising from the part of the action 
involving the linear superfield in fl6.26p . We shall see, that compared to the discussion 
above, the analysis is considerably more complicated. 

We look at a small subset of interactions in S^'^'^ which mix with no other interactions 
under supersymmetry transformations S^^^ of the type we shall consider. This will lead to 
a coupled set of linear differential equations for the various couplings we consider, which 
will lead to Poisson equations on moduli space for the various individual couplings. 

As before, the equations obtained from 5^^^S^^^ shall also receive contributions from 
^(3)5'(o) However, unlike the above analysis involving only the chiral superfield, there are 
several possible terms in the supergravity action S^^^ which can contribute. This is because 
the superaction involving the linear superfield involves the integral J d9\d9\ which is real, 
and yields those 16 fermion interactions in S^'^' such that there are several contributions 
from ^^'^-'S'^"-'. Of course, the procedure to calculate them is exactly the same as above. We 
shall only constrain the structure of the equations using supersymmetry, but we shall not 
fix the various coefficients. In particular, we shall be very schematic in our discussion of 
the 5*^'^^ 5**^°^ contributions. In principle, they can all be fixed using only supersymmetry, but 
the calculations get very tedious. 

In order to avoid the large number of indices associated with these interactions, we shall 
adopt a simple notation. The SU{2) spin 3/2 fermions xl and xr iii the various interactions 
shall always arise in the combination a{iXj)L and a(^iXj)R- We shall simply denote them 

(^{:iXj)L = XL, (^{iXj)R = Xr, (7-37) 

and drop the various i,j indices when there is no scope for confusion. 
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For these fermions, we define 

x((o^(fciXh))^^i • • • (^(fcsX/s)) 

X ((^(fciXh))^k • • • i(^ik7Xh))Rl3,), 

kXljasXr = 

X ((^(fciXZi))^^! • • • {^{ksXls))Rls) 



i(^i^sXjs))tls 



■ ■ i(^iisXjs))tls 



^......s,/3..../3s,^^^^ . • • eAsBs[{cr(^,Xn))t, ■ ■ ■ (^(.rX,.))t. 



8/',, 6 N/37/38 
RJBtBs 



Xl{x 



= e 



ai...as£i... 



e^'-^CAiBi . . . eAsBs {{(^{iiXh))ta, ■ ■ ■ {^(isXjs)) 



X (((^(fciXZi))^^! • • • (^(fc6X«6))Rft). 

[XlJAtAsXr = e e ^AiBi • • • e^gS^ ^^(^cr(ijXjj)j^^^ 

X ((f^(fciX«i))^^i • • • {^(.ksXis))m)- 

First let us consider interactions of tlie form 



Las 



i^(i&Xh))Lle 



(7.38) 



xixi^, ^L.rxixh ^r,7'xWr, {^L,rxi){i^R.7''x'R), i^L^rrxix^R (r.39) 

in S^^\ These interactions can all be obtained from fl6.26p . on using fl6.10p . In order to write 
down these interactions, we consider a subset of the interactions given by (16.251) . They are 
given by 



£(3) 



9{i...s){i...s)XlXr 

+9(i...m-7) (xlxlh + xlxliFs + P^ 



u- 



-9ii..m-7)xlx%{F^ + Pi + h- f;\ 



6 .,6 , 



+^(i...8)(i...6){xki^2 + xki(^3 + p^,)f; + x\xI{f, + p.,Y] + h.c. 



(7.40) 



In (I7.40p . the S'0(3)\S'L(3, R) moduli dependence of the various couplings has not been 
denoted for brevity. Thus, for example, 



5'(1...8)(1...8) = fl'(1...8)(1...8)(7', T, ^, ^, e '^). 



(7.41) 
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Explicitly, the first term in (I7.40p which is of the form xiXj? is given by 

( (nii)...(i8i8) ) ( {fciii)...(fc8/8)j V 

^{i^ik.XH))Rk---i^iksXis))R%), (7.42) 

while the second term is given by 

(^(nii)...(w8)j (^(fci«i)...(M7)j ^ ^ 

X ((^(fc.X^i))m • • • (^C^eXw)^*) iinp.Psi^ik,f''''K)2,u. (7.43) 

and similarly for the other terms. 

Now (17.431) will lead to an interaction of the form gi^Rfil^X^X^R using F2 ~ i'RXR: as 
we shall show below. The index structure of this coupling g in fl7.43p has been assigned 
based on the structure of this interaction we want to consider, which will be evident from 
the discussion below. The conjugate interaction yields a term of the form 5'*V'l^7'^XlX|;- 

Some of the remaining terms in (17.401) also yield interactions of the form iPr^'J^X^lX'r 
and i^LfiTxlXR, on using F3 ~ ^PlXr + i'RXL, and Pij ~ ^PlXr + i'RXL- The interactions 
of the form (V'LM7^xD(^Ri^7''xL) and (V^LM7^)^xix| are obtained from xlXR^i on using 
-^3 ~ 4'rXl + i^LXR- Similarly we can work out the various relevant interactions arising 
from the remaining terms in (I7.40p . The analysis is exactly along the lines of the one we do 
below. We should mention that, as in the discussion above, there are often several terms 
in the superaction which contribute to the same interaction. In such cases, we expect the 
couplings coming from the various contributions to be the same because they follow from 
the same superfield. 

Before we proceed further, we also need to know how the interactions corresponding 
to the couplings fi'(i...8)(i...8), 5'(i...8)(i...7), fi'(i...7)(i...7) and fi'(i...8)(i...6) in (|7.4Up transform under 
SU{2). We can only talk about the SU{2) transformation properties of the various inter- 
actions, and not the couplings themselves. This is because SU{2) is only a symmetry of 
supergravity, and is broken by the higher derivative corrections. Actually, these couplings 
transform non-trivially under SL{3, Z), and we should denote them by their 5*17(3, Z) trans- 
formation properties. However, unlike the previous case, we shall see later that the couplings 
for the interactions which have non-trivial SU{2) charges do not transform as automorphic 
forms of 5'L(3,Z), and transform in a complicated way. Thus, we find it easier to simply 
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denote the couplings by the SU{2) charges the corresponding interactions carry. We shall 
often loosely denote it by the SU{2) charges of the couplings themselves, but this is only 
for brevity. 

First let us consider the case of 5'{i...8){i...8)- As discussed before, every factor of cr{jXi) 
(and consequently every factor of {ij) in 5'(i...8)(i...8)) transforms in the spin 2 representation 
of SU{2). Thus the spacetime interaction in f l7.42p involves the product of 16 spin 2 
representations of SU{2). Expressing this as a sum of irreducible representations, we choose 
the interaction to project onto the spin 32 representation of SU{2). Thus, the coupling is 
symmetric under the interchange of any pair of (ij) indices. While this is not necessary 
for our analysis, and one can focus on any irreducible representation of SU{2), we choose 
the highest spin representation for simplicity, as the symmetry under interchange of the 
various indices simplifies our calculations considerably. Similarly, we take the interaction 
corresponding to the 5'(i...8)(i...7) coupling to transform in the spin 30 representation of SU{2) 
(this follows from the analysis below because the (^7/7) term in g gets coupled to a(^k7Xh)R)i 
and those corresponding to the 5'{i...7)(i...7) and 5'(i...8){i...6) couplings to transform in the spin 
28 representation of SU{2). We always consider interactions which transform as the highest 
spin representation of SU{2), and this will be always implicit in the discussion below. 

We shall find it convenient to write the couplings in the form (700 where the indices 
in the two parantheses are the number of xl and xr fields in the interaction. Obviously, 
this division is artificial, as only the SU{2) representation matters. We shall later shift to 
the convention where the division between xl and xr is removed, and thus an arbitrary 
interaction can be analyzed. 

Now let us simplify the structure in (I7.43P to obtain the interaction of the type we want. 
The xiXi?, part is already of the form we want. Focusing on the rest, we use 

i^krf^'^'iXiX = e^'^'i^k^Xi,)!' + {^k.r'\xi.)l\ (7.44) 

which follows from using the Schouten identity. In (I7.44p . we note that the first term gives a 
spacetime contribution of the kind we want, and so we consider this contribution to (I7.43p . 
Finally, we usq^ 

[xITIbX^ - 5& {{xD'sr, - {xITb)5^] +... (7.45) 



^^Unlike the expression in (|7.2p . note that (|7.45l) has more terms represented by . . ., because xl has 32 
degrees of freedom. 
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to get a space time contribution of the form iPrhI'^XlXr^ where 

i^R^Yxlxl = {^R,Y)ixl{xlrA. (7.46) 

We perform a similar analysis for the other couplings in fl7.40p to obtain the relevant terms 
in the action, where we have used the notations 

i^L.rxDi^RuYxi) = {^L,r)iixirAii^RuYfAxl)l 

ii'L.rrxixi = ii'L,r)tii'L,r)^ixirAx%- (7.47) 

Thus in C^^\ we consider interactions of the formed 



£(3) 



Note thati 



g{1...8)a...8)XLXR + g(1...8){l...7)i^R^il^XLXR + ^(1...7)(1...8)^L/.7^XLXi? 

+^(i...7)(i...7)(^L^rxD(V^fl.7'xK) + g{i..m-»0L^.i^fxlxl + ■■■]■ (7.48 



5'(*1...8)(1...7) - 5'(1...7)(1...8). (7.51) 

Also, to project onto the spacetime structure of the terms we want, we use the relation 

(xDa(Xl)?X?j = YQ^'-p^lxlxl + .... (7.52) 

Let us first consider various contributions coming from 5^^^S'^'^\ To begin with, let us 
consider the variation of (I7.48P into terms of the form eLX%x\- The first term gives 

5^°^ (e^(i...8){i...8)xix«) ~ e (a(7(i...8)(i...8)) {eRXL)xlxl + ■■■■ (7.53) 

Explicitly, the right hand side of f l7.53p is given by 

9{i,h)9( \( \eRa^i^Xh)L + ■ ■ ■ ■ (7.54) 

(«ljl)---(«8j8) I (fcl/l)...(A:8/8) 



^"We suitably rescale the various couplings. 

^^We shall soon consider the convention where the couplings are characterized only by their SU{2) spins. 
Thus we shall denote 

5(ai...a„)(a™+i...a„) = 5(ai...Q„) = S^"-*- (7-49) 

So, for example, 

giiiji)...{i8j8)ikih)...{ksis)- (7-50) 



( (njl)---(*8J8) 1 ( (fcl/l)...(fc8/8) 



Schematically we denote g(i...8)(i...8) = S^^^\5(i...8)(i...7) = ff^^^\5(i...7)(i...8) = 5^^^\ff(i...7)(i...7) 
5(i...8)(i...6) = ff^^'^^. Then (fTSTj) implies that g'^^^'^ is real. 
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The term we have written down in fl7.53p obviously conies from taking the derivatives 
with respect to the moduh on using f l4.57p . We would like to know if there are more 
contributions to fl7.53p . which promote the ordinary derivative to a generalized derivative, 
and acts on the space of couplings, like the f/(l)\5'L(2,M) case. 

In fact there are such contributions to (J7.53P which we now calculate. Let us first focus 
on the contribution from S^^^xl ~ ^lXl- I^ order to contribute to (17.531) . we only need 
terms of the form cr(j(5'-°^Xi)L ~ '^{iXj)L, and similarly for xr- There are no such terms from 
the SU{2) covariant expression for S^^^xl in (IC.ll) . and they only arise from the extra terms 
from gauge-fixing the supersymmetry transformations given by (14.580 . Thus these terms, 
as expected, are not SU{2) covariant. From (I4.58p . we get the relevant term 

^(.'^^°V,)L = -^e(,'^'^V,)X^. (7.55) 

Using (I4.55p . (I2.79P and the Fierz and Schouten identities repeatedly, we get that 

. 1 



3 



o-(iXj)Lleija3X3Lj - -l'"'cr(iXj)LieB^lf,,^(^3X3L] 



16 

+ ^l'"'^^(r{^Xj)Li^Rl^,u\pCr3XsL) + cr{iCr3eLix3RXj)L) - ^l'"'cr{ia3eLix3Rlf,uXj)L) 



+ ^r''^'^meL{X3Rl,uXpXj)L)} -(3^1) 

~4 ^lii(^j)YXlL{eRaiXlL) + '2,X2L(jRCr2XlL) + iX3L(jRX2L) - iX2L(jRX3L)j 
+^3(iC^j)| - 2x3L(ei?o-3X3L) - 2x2L(e/?cr2X3L) + iXlL{eRX2L) - iX2L{eRXlL)^ 
-i52{iCrj)^XlL{^RX3L)+X3L{^RXlL)^ , (7.56) 

where we have kept only the terms proportional to e^. This gives a contribution 

(^{i5^^\j)L = Y^(^{iXj)L (eRa3X3L - eRaiXiLj (7.57) 

exactly of the kind we need. The coefficient in fl7.57p can receive additional contributions 



from 5^^^C^^\ as we shall schematically describe latecj. However, it is not difficult to write 
down the final answer which is 

o-(i5^°^Xi)L = 2o-(,Xi)L y^R(r3X3L - e/jCTiXiL j , (7.58) 

and similarly for xr- This can be seen by considering the expression (]G.2ip . and noting 

)(1) ^(0) 



that Df^.Df^. = 2A, where A is the Laplacian on SO{3)\SL{3,R) given by flRTOJ) . Now 



22This is unlike the U{1)\SL{2,R) analysis done before. 
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D(.l which contains only the derivatives conies from varying the 7^'^ couphng. While 
the derivative terms in -DLA have a similar origin, the remaining terms come from the 
supervariation of one factor of <y{iXj)L in the spacetime interaction, which directly leads to 

Thus, the right hand side of fl7.53p is given bjcf 



n(l6) 

(ii3i)-(i838) j \{kih)...{ksh) j 



(7.59) 



where the expression for Dr^l is given in ( 1G.21I) . 

The second term in fl7.48p gives contributions from the supervariation of tpL- Since 
we only want to see the specific spacetime structure emerge, it is good enough to do the 
analysis for any term in S^'^^ipi. From (JC.ip . we thus consider 

1. 



<5(°V 



fiL 



6 



,(^R(^iXjL)crat^XjR, 



which gives 



5(0)(^ _M..8,,7 



4i 



'i^rTXIXr) = j{(^R(^iXjL)XL{XR^iXjR)- 



Thus, we get that 

S^^\eg(i,„s)(i...7)ipt^R-f''xlxR) ~ e5g^i,„s){i...7){eRXL)xlx%- 
The right hand side of fl7.62p contains 



{iiji)-{isjs) (Mh)...(k^W) 



eijO"(i9Xjg)L- 



(7.60) 



(7.6i; 



(7.62) 



(7.63) 



Similarly, the third term in (17.480 gives contributions from the supervariation oiipR. As 
before, from (JC.ip . we consider 

1. 



which givec_ 



S^°^fiR = Q[eR(TiXjL)(^a,,XjL, 



<^^°^ (^/.LT^'xkl) = -ji^R(^iXiL)ixl(riXjL)x%, 



(7.64) 



(7.65) 



^^Right now, we are looking at only the minimal set of term.s in the effective action which provide the 
necessary supervariations in an obvious way. At least this much structure is needed to see that a set of 
equations relating the various couplings arises. We shall talk about possible additional terms that could 
modify the equations later. 

^^The sum of the supervariations does vanish for the contributions (|7.6ip and (|7.65p we have considered. 
However, this should not vanish when all the contributions are taken into account. 



51 



leading to 

'5^°^(e^(i...7){i...8)V'ML7''xIxR) ~ e5^(i...7)(i...8)(ei?XL)xix|- (7-66) 

The right hand side of fl7.66p contains 

9f \f \Ki9^J8J9 ^R'^(i9Xh)L- (7.67) 

iiljl)-iiTJT) {kih)...iksl8) 



The remaining terms in f l7.48p do not give a contribution of the type we want. 
Thus from f l733|) . (\7M^ and (\7M^ . on using (EllD, we get that 

^{ki)9iiiji)--{ii6Ji6) — Ci5'(nii)...(ii5ii5)"fcn6"'ii6- (7.68) 

In short, we write f l7.68p schematically as 

^(16)^(16) ^ ^^^(15)_ (7_g9) 

Thus, D^^^^ acts as a spin 2 operator which acting on a coupling corresponding to an 
interaction in the spin 32 representation gives the coupling corresponding to an interaction 
in the spin 30 representation of SU{2). 

Note that there can be a term in the effective action of the type 

exl{x%)fB{cr^,XnL)^Xf, (7.70) 

which can vary into GlX^lX% foicf 

^(0)^^ ~ {eRaiXjRJCTiXjR. (7.71) 

This term cannot be obtained from f l6.26p using linearized superspace. However, the con- 
tribution of this term simply changes the value of Ci in (17.690 . 

Now let us consider the supervariation of fl7.48p under 5^^^^ into terms of the form 
XlXr^l^'r- We shall give some of the details of the calculations for the first couple of 
terms, and then simply give the answers. The first term in fl7.48p gives three contributions 
involving the supervariations of e^, xl and xr respectively. The metric variation yields 

{^^'^e)xlxl = -e{eBY^,R)xlxl. (7.72) 

The contribution from the supervariation of xl is obtained from the F2 term in (IC.ip on 
using F2 ~ "^rXl- To obtain it, we use 

i^^S'^'hjL)i = \{r''e,)l{rLl% [eBd^^X^L^' + enBX^,^{aA,k)^] , (7.73) 



■^^One can obtain such a term by manipulating the corresponding terms in (|C.ip . 
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which can be obtained on using the Schouten identity. Note that the first term in f l7.73p 
yields a contribution of the type we want on using (17.521) , leading to 

i5^'hl)x% - ieRY^,R)xlx%- (7.74) 

Similarly, the term involving the supervariation of xr gives 

xWh%) - ieRY^,R)xlx%, (7.75) 

on using Aj ~ '4'rXr and F3 ~ iPrXr, and 

%ar'''' = -427^ (7.76) 

Thus we get that 

^^°^ (e^(i...8)(i...8)xix|) ~ eg(^^,„s)(^^,„s){iRri^^R)xlx%■ (7.77) 

The second term in (17.481) can give a possible contribution using 

S^°^'^p^^L = ^(T'i^^uXp - Q9i,ul\p)eL{i'L[ul\p\XiR) - -^(^i^iii'pLXiR) + i^(^ il" i^ pr{^ r1 vXir) , 

(7.78) 
which follows from ( IC.ll) . However, this does not yield a contribution of the type we want, 
and so it vanishes. Thus 

5^°^ (e^(i...8)(i...7)^i?M7'^xixK) = 0. (7.79) 

The third term in (I7.48P yields contributions coming from the supervariations of (?(i...7)(i...8), Xl 
and Xr leading to 

e<5W [gii...7)ii...s)^L,rxlxi) = -^ (^^''^^(i...7)(i...8)) {eRYi',R)xlxl, (7.80) 

where 

i5(^S(i...7)(i...8) = i^[-l)^/. ._ . \/ , y (7.81) 



{i2J2)---{isjs) I I (kih)...{ksl8) 

Note that there is no contribution to D^^^' from the supervariation of "tpRn, which is not 
difficult to see from (14.581) . This is what is expected, because the spacetime interaction has 
all its SU{2) indices contracted except the spin 2 indices carried by the <J{iXj) factors. This 
continues to hold in our discussion below. 
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Exactly similarly the contribution from the supervariation of the terms involving g^^^^ 
in (I7.48P comes from (5'^°Vl ~ ^lXlXr and S^^^^pji ~ ^lXl ^n using fIC.ip . and yields 



s^'^ [9ii...7)ii-7)i^L,rxl)i^R.Yxl) + 9ii..m-s)i^L,r)\lx%^ 

- e6gii...7)ii...7){eRY^^ii)xlxl- (7-82) 

From (I7T7D . (17791) . (17:801) and ( 171821) . we get that 
D). -.q / \ / \ = diQ , 



(*2J2)...(«8J8) I (feiZi)...(fc8i8) ) {«ljl)---(«8i8) (fciU)...(fc8'8) 



+d29/ \/ \ (^18^8^^8/8 5 (7-83) 

(nil)-(i7i7) (fclh)...(fc7/7) 



where we have absorbed the contribution from the term involving 5'(i...6)(i...8) into that from 
fl'(i...7)(i...7) using ( I7.49p . Using ( I7.49p . ( I7.83P can be schematically written as 

which is explicitly 

In ( I7.84p . D^^^^ acts as a spin 2 operator which acting on a coupling corresponding to an 
interaction in the spin 30 representation gives couplings corresponding to interactions in the 
spin 32 and spin 28 representations of SU{2). In spite of the complexity of the calculations, 
the structure of the final answer is quite simple, due to supersymmetry. 

Thus, the supervariation of the terms in the effective action we have considered gives 
us ( I7.69P and (I7.84p . Does this pattern continue? 

It is not difficult to see that it does. In fact, the next equation is given by 

Now, (I7.86P can be obtained by starting with the term 5'^^^^xiX/jV'i iu the effective action 
which can be obtained from g^^^^' X%X%^3 ^ ^ud varying it into -D'-^^^S'^^^^eLxiX/jV'i- This 
supervariation can also be obtained from other terms in the effective action which contribute 
to (17.860 . These terms are, for example, of the form fi'^^^^xixL^L ^ind g^^^^x'iX^i^L'^Ry which 
can be obtained from g^^^' x'lX'rPs ^ind g^^^'xlxn^i respectively. It is crucial that there are 
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no other couplings with any other spin that contribute to f l7.86p . This generahzes easily all 
the way upto 

D(9)^(9)^^(io)+^(8), (7.87) 

using the interactions g^^^'^^X^iT^^X^R^'F^ for < n < 8, and repeating the above logic. To 
obtain the analogous equation for D'^^^g^^\ while g^^^ is obtained as above, none of the terms 
that give a contribution involving g^"^^ arise from the linearized superfield f l6.10p . This is 
not surprising because linearized superspace gives only a small subset of interactions in the 
effective action. However, it is not difficult to write down a term involving g^"^^ that gives 
the relevant supervariation. Such a term, of the form x'l'4'r'^l is given by 

which gives the required supervariation for 

5^°ViiM ~ l^LCTiXjLieRCTiXjL)- (7.89) 

Now the analysis goes through all the way upto 

1^(0)^(0) _^(i)^ (7.90) 

using the interactions g^^^^^ X^'^^r'4'l for < n < 8. These interactions are explicitly 
given by 



e"^-"^e^"-*e^.B. • • • ^AsBs [{^inXn))al ■ ■ ■ (^fe-„X,s-„))at: 

X ((^L..r^)f;_-: . . . (^L.„r")5) {{i^R,.inf: ■ ■ ■ ii^R^sinf:) , (7.91) 

Thus we obtain the sequence of equations 



)(16)^(16) , 


g^''\ 


)(15)^(15) , 


- g^''^ + g^''\ 


)(14)^(14) ^ 


- g^''^ + g^''\ 


D^'^g^'^ -- 


- g^' +g^'\ 


n^gio) ._ 


- ^«. 



(7.92) 



55 



for the various couplings in the supermultiplet, which follows as a consequence of super- 
symmetry. We have set the various undetermined coefficients in fl7.92p to 1 for brevity, 
but they can all be completely determined by supersymmetry. It follows that if any one of 
the couplings in fl7.92p at either end of the sequence can be determined, then all the other 
couplings can be determined recursively. The structure of the equations (17.92^ is consistent 
with the fact that for the kind of couplings we have considered, on any spin 2 index, D^"'^ 

cLCtJS cLS 

-D(^") : A{M) -> A{ij){ki) + ASikSji. (7.93) 

Thus it reduces the spin by 2, and increases it by 2. This happens with every coupling in 
f l7.92p . except for the first and last couplings in the sequence, because there are no couplings 
to vary into for some spins. 

So far we have considered only the contributions coming from S^^'^C^^K Let us now focus 
on the contributions coming from S^^^C^'^^ very schematically. To be specific, we consider 
the added contributions to fl7.69p . These terms are obtained from the supervariation of the 
action into eLxixf?,- There are several terms in C^^^ which can give this supervariation for 
appropriate 5^^\ They are 

AlxI, ^rX% xIxr, xlxni^L, X%Xl^r- (7-94) 

We focus on only the XlXr term, and consider the supervariation 

S^'hL ~ f^''^e,x%xl + f^''^Oxlx% + f''^e,xlxl{XL • Xr). (7-95) 

where the SU{2) indices on the new couplings have been assigned anticipating the answer. 
Note that the f^-^^^ term is non covariant, and Xl*Xr = ('^^*xi )(^*'*Xij)- Now let us consider 
the contributions from 5^^\x'lX'b) given f l7.95p . The contribution of the f^^^' term is of the 
form required to extend d ^ D in (17.690 . and thus f^^^^ ~ 9^^^^- For the subset of terms 
we are considering, we do not expect the /^^^^ term (as well as similar terms) to contribute 



to the final answer because of (I7.93[ 
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J. Thus we get that 

5^'\xlxl) - if^''^ + 9^''^)eLxlx%. (7.96) 

To get more information, we now impose the constraint of closure of the superalgebra on 



^^We shall see below that there can be other terms that can contribute to (j7.92p . and then such terms 
will contribute. For example, a non~covariant Z*-^*-' term in ()7.95p is needed to send 9/^^^' -^ Df''^^\ 
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XL which gives, among other things, the xr equation of motion. We get that 

+f''^e,,en2xlxl + ^''^e^xWuem + f^''^e,,en2xlxl + ■■■, (7-97) 

where we have dropped other non-covariant terms, hke 

(D^''^ f''^)0ixlxW2, (7.98) 

as well as 

{D^''^ fn^Lien^xlxl (7.99) 



which is not expected to contribute because of fl7.93|l I. The terms in the first line of fl7.97|) . 



£. 



and (17.981) arise in an obvious way, while the terms in the second line of fl7.97p involving 
/*^^^) and Z*^^^-* are there to provide the correct coefficients to extend d ^ D, while the /^^^^ 
term must arise in a suitable way such that the all the terms in the second line of fl7.97p 
can be represented as 6- xl for e ~ ^li^r2Xr- Thus this entire contribution in the closure 
can be absorbed as a local symmetry transformation. 
Along with 

[5f'\5^2^]XL-eLieR20XL: (7.100) 

(17.971) leads to the equation of motion 

0XL + {D^''^ f'''^)xlxl + f''\lxl + . . . = 0, (7.101) 

leading to 

using the terms in the action. On the other hand, fl7.98p would have yielded a term in the 
action which cannot exist, and hence the total contribution must vanish. Thus, fl7.102p 
yields f^^^'> ~ g^^^\ /^^^^ ~ 5''-^^^ on using (17.840 self-consistently, and so from fl7.96p we see 
that the structure of fl7.69p is unchanged, with the coefficients receiving corrections. We 
expect this analysis to go through for the other couplings. 

Thus we are left with the set of equations fl7.92p . which can be analyzed further to give 
Poisson equations on moduli space for every coupling. The source terms in each equation 



^"^Such a contribution vanishes because one has 16 pairs of indices to contract at the end, while this gives 
15, the remaining pair gives on tracing. 
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for a specific coupling are given by some other couplings in the same supermultiplet. The 
structure of the source terms, however, is quite complicated as can be seen from ([71 



Are there corrections to fl7.92p ? We now address this issue because so far we have only 
looked at the miminal set of terms needed to get this structure. There are other terms that 
can possibly contribute to ( 17.92^ simply based on the structure of the SU{2) indices. For 
example, in the equation for D^^^'^g^^^^ there can be a term of the form D^^^^g^^^^ as well, 
where the index contraction is exactly the same as for the g^^^^ term. Such a term would 
arise from the supervariation of a term in the action of the form g^^'^^x'LX'R{XL*XR)- Clearly 
these kinds of terms can be added on the right hand side of (17.921) which involve couplings 
of interactions with lower SU{2) spin. However, note that last two equations in (I7.92p 
involving D^'^^g^'^^ and D^^^g^-^^ stay as they are. This also modifies the constraints imposed 
by the closure of the superalgebra. However, the conclusions remain unchanged. That 
is, every coupling satisfies a first order differential equation relating it to other couplings, 
which on iteration shows that each coupling satisfies Poisson equation on moduli space, 
where the source terms are complicated. 

Let us analyze in detail the two equations which lead to the Poisson equation for g^^\ 
From (17.921) . we get that 

i HWil) + ^S)^S)) = ^^&M)) + <^^9^'\^^kh + 5^i5^k\ (7.103) 

which leads to 

A,(°)=W°) + A,4),^,, (7.104) 

where Ai = 12aia^ and A2 = 0102. Thus, the coupling g^\ which is the coefficient of 
the 7^^ interaction satisfies (I7.104p . which is completely determined by the constraints of 
supersymmetry. 

However, our analysis based on supersymmetry is not strong enough to solve (I7.104p for 
f7*^°\ because of the presence of the unknown source term. Now, we simply make some plau- 
sible arguments to determine g^'^\ We have that Agf*^") and g^^^ are both S'L(3, Z) invariant 

(2) 
automorphic forms, and thus so is giij\(ij\- The tree level amplitude which contributes to 

g^^' is known to be proportional to ^(3)6"^*^. Because C(3) is not factorizable, it is plausible 

that A2 = 0, or if non-zero, then gul)Uj\ ~ 9 itselo- In that case, g^^' satisfies the Laplace 



^*This factorizability has been crucial for the D^TZ'^ couphng in 10 dimensions [12]. The couphng, call it 
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equation 

A^(o) = /i^(°). (7.106) 

Based on the boundary conditions, g^^' is therefore uniquely given by an Eisenstein series 
defined by (1G.17P for some choice of s. From the tree level amplitude, we see that s = 3/2 
and so /i = [15]. However, as discussed in appendix ( ]G.2|) . E3/2{M) is divergent and has 
to be regularized. 

We should mention that the generalized derivative Dy^l has appeared in the supervari- 
ations, and consequently, in the equations (I7.92p . It is clear from the way they appear 
that the value of n gives the SU{2) spin of the interaction. However, since the couplings 
involved are not automorphic forms of SL{3,Z), we do not understand its role, if any, as 
some covariant derivative of the U-duality group. 

7.3 A coupling involving all the moduli 

As discussed before, a coupling which involves all the moduli is the TZ'^ coupling. This is 
given by [15] 

E3/2(M) + 2Ei([/,f/). (7.107) 

The relative coefficient between the two terms is fixed to satisfy the U ^ T symmetry 
of the perturbative part of the amplitude, which interchanges the type HA and type IIB 
theories. 

7.4 Some plausible generalizations 

Although the calculations are complicated and it is difficult to fix the coefficients, the 
structure of the first order differential equations that emerge as a consequence of super- 
symmetry is quite simple. It suggests that this procedure should be generalizable to lower 
dimensions, for example, to N = 8,d = 4 supergravity, where the classical moduli space is 
(S'f/(8)/Z2)\-E7(7)(M), and the U-duality group is -E'7(7)(Z). In that case in order to con- 
struct the relevant 16 fermion terms in the effective action, one should again use linearized 



/, satisfies 



Af = l2f-6El^ (7.105) 



on the fundamental domain of SL{2, Z). Here, the tree level contribution ^ C(3)^, which also matches that 
from iSg/j, using (|G.4[) . 
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superspace. A candidate 1/2 BPS superaction is given by 

d^x f d^^9f{W), (7.108) 

where the fermionic integral over the chiral part of the superspace is given by 

jd^^e = j ei,„,^ej,..,,{de'^^' . ..de''''')id9i\ . ..doi^). (7.109) 

In (I7.109p . 9i is in the 8 of SU{8), and we have used the two component chiral spinor 
notation. In O7.108p . the chiral superfield Wijki which satisfies [TTIISS] 

is in the 70 of SU(8), and is given by [39] 

W,jM = <P^jkl + 0[^Xjkl] + (^[i^^"^,)(^"^(XA(T^,XH]m) + • • • • (7.111) 

In (I7.11ip . the unitary gauge has been used and so (pijki which also satisfies (I7.110p are the 
70 scalars, and the spin 1/2 fermions Xijk and the gravitini t/'^j are in the 56 and 8 of SU{8) 
respectively. Thus, from (I7.109P one immediately obtains the x^^ and ipx^^ interactions in 
S^^\ which should be the starting point of the analysis as we have done. Decompactifying 
the degrees of freedom in the couplings to higher dimensions must produce the couplings 
in the higher dimensions as well. 

In fact we can see very schematically what structure to expect. The interactions x^^ 
and ipx^^ will involve the tensor product of 16 and 15 of the 70 representations of SU{8). 
As we have done in the d = 8 case, we can project onto the completely symmetric product 
among the irreducible representations that arise in the tensor product. Thus the x^^ and 
^^15 interactions are in the 715536058545 and 313203587004 representations of SU{8) 
respectively, and we can carry out the analysis. Thus given the structure of the interactions, 
the generalized derivative Diijki] in the 70 of SU{8), should act as 

where the symmetrization is implicit. This is enough to lead to a set of equations like 
(I7.92p . along with corrections of the type discussed before. Thus, we get a repitition of the 
structure we have for d = 8, and this should be true for d = 5, 6, 7. 
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Among the theories where the classical moduli space involves finite dimensional groups, 
the only other case is A^ = 16, rf = 3, where the moduli space is S'0(16)\i?8{8)(JR)) and the U- 
duality group is i?8(8)(^)- Even though the graviton and the gravitini in the 16 of S0(16) do 
not have any physical degrees of freedom, this theory is non-trivial because it is interacting. 
The entire degrees of freedom are contained in the 128 scalars and the 128 Majorana spin 
1/2 particles [40j, where they are in the two inequivalent spinor representations of 5*0(16). 
The TZ'^ interaction vanishes in d = 3 because it only involves the Weyl tensor which follows 
from perturbative string computations for maximal supersymmetry in any dimension. It 
is plausible that all the interactions of the type we have considered which result from the 
supermultiplet vanish, and there is nothing to consider. 
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8 Appendices 

A Fierz transformations and various gamma matrix identities 

We need Fierz transformations involving 8 dimensional chiral fermions in our calculations. 
They are given by 

XLa^RP = --^Sa/siXR^L) " —{Y'')af5{XRlf^,y^L) - —{Y''^'')als{XRlt^uXpXL), 

XRa^Lp = --^Sal^iXL^R) " Y^i'l^'')al3{XL'li,u>^R) " Y^{'l^''^^)af3iXL'l^,uXp>^R), 

- 1 - 1 - 

XRa^R/S = --{l'')a|3i>^Rl^^XR) + ^il'"'^)a(ii>^RlpuXXR), 

XLo^LP = —^{Y)ap{^Ll^XL) + ^{Y''^)ap{XLl^uXXL), (A.l) 

where a, (3 = 1, ... ,8 are spinor indices. 
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We also make use of the relations involving the gamma matrices 



MuXp 



Y^^'l^uXp = 1680, Y^^'larl.uXp 



fiuXp^ 



-2407. 



7 



fii/Xp 



I<jTKriip,uXp ^^^ictthtj) 



l^'^'l^vp = -336, Y'^ixlf^.p = 847A, Y'^ixalpup = 247a., 

Y^'lXaKlpup = -367a.., Y^'^xanvlpup = 0, Y'lf.u = "56, Y'lxl^u = -287a, 

l^^lXplpu = -87Ap, l^'^JXpalpy = 47Ap., l^^lXparlpu = ^IXpar, l^lp = 8, 

I'^lulfi = -Qlu, YlvXlp = 4^1uX, l^luXplp = -'^luXp, l^luXarlp = 0. (A.2) 

B The fermions from d = 10 

Let us now express the fermionic degrees of freedom in terms of the 10 dimensional fermions 
of type IIB supergravity. In order to do so, it is sufficient to consider the covariant deriva- 
tives in fl2.83p . and look at the U{l)r charges carried by the various fields, which can be 
calculated using fl4.1ip . For this purpose, instead of the constrained field Xla^ i^ i^ more 
convenient to consider the unconstrained field rj^^ [A = 1, 2, 3, 4) in the 4 of SU{2). Thus, 
under f/(l)\5L(2,R)^, we have that 



l^nt 



liWuL 



V^Xl 



'^t^VL 



Df.ipuL + i^Q^cr 1puL + ■■■ 






Df^^L + ^Q>'Xl + 



D,VL + ,:QIT'VL + ... 



(B.l) 



where 



and 



T^ 



/ v^ \ 

V3 2 

2 VS 

V 73 / 



Ql 



' 2T2 ' 



Thus, we see that the combinations 

^1 = {"ippiL - i'f,2L, Ail - A2L, ViL 
have U{l)r charge 1/2, while the combination 

^2 = -ViL + V^r]2L - V^VSL + V-iL 



V2L V3L , . 



(B.2) 



(B.3) 



(B.4) 



(B.5) 
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has U{l)r charge 3/2. Also the combinations 

^3 = {i^^^lL + i^f,2L, Ail + A2L, -Vil - ^ + ^ + ?74l}, (B.6) 

and 

^4 = ViL + V^V2L + V3r]3L + ViL (B.7) 

carry f/(l)r charges —1/2 and —3/2 respectively. So, {riiji^g} descend from the d = 10 
gravitino \E'^ which has f/(l)r charge 1/2, while {^2, ^4} descend from the d = 10 dilatino A 
which has U{l)r charge 3/2. Of course, this precise decomposition of the degrees of freedom 
depends on the choice of gauge. However, from the gauge covariance of the equations, it 
follows that the degrees of freedom in ip^j^i (160), A^ (32), and half of those in xl (32) 
descend from the gravitino (224), while the remaining half of the degrees of freedom in xl 
(32) descend from the dilatino (32). Thus the fermionic degrees of freedom intermingle in 
a complicated way. 

Intuitively, one can also deduce it from the supersymmetry transformations (]C.1|) . It 
follows that Xl (because its supervariation involves the U{1)\SL{2, M.)u moduli), ipf^i and a 
part of Xl (because its supervariation involves the SU{2)\SL{3,'R) moduli) descends from 
the gravitino, while the remaining part of xl descends from the dilatino. The rest follows 
from simply counting the degrees of freedom. 

One can also calculate the U{1)t charges of the various fields in (I2.83P using (I4.12p in 
a straightforward manner. 

C Supersymmetry transformations 

At the two derivative level, the supersymmetry transformations of the various fields of 
N = 2,d = 8 supergravity are given by 



L^"'5^^'^Lmj = - 2 ^^ (cTiXjR + CTjXiRJ - ^R (c^iXjL + (^jXiL 
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^{0)j^mU 



5(°)5 



fii/m 



5(°)C, 



liup 



(5(°)A, 



5(°)A 



R 



5(0) 



Xl 



5^'h\ 



Xr 



V2L,' 



L_ [eRa'ij^L + ^^Ll^^(r'''\L - ^RlfiXR 



-L+ ( eLtT'iJ^.R + -tR-if.a'XR + tLl^,x'L 



-rrinp'- 



-'i\f2Ll \eLl{p.vi^p\R - -^Rlpvpy^R^ , 

1 



1 - I _ _ 



12 



o-iAL(eLXi/?) 



--o-ieL(AijXiL) - ^7^''o-jeL(Xii?7M!^AL) + -XiLieRfyiXi) + — o-iAL(ei?XiL) 

--eL(XiLXii?) - -r^l^^f^i^LiXjLlpuCTiXjR) 
o it) 



7'^Xii?iei?7/.Xii?j, 



cr 



l_-_ 1_ _ 1 

-gO-i7MeL(AL7^XiL) - 27MXii(eR7M^i^R) + Y^o-iAR(eRXiL) 

+ 2^ie«(^iXii?) + ^7''''o-ie/j(xiL7Mi'AR) - -XiR{^L(ri\R) - — o-jA/j(eLXii?) 
1_ 1 _ 

+ -(^R{XiRXiL) - —l'"'(rieR{XjRlpu(^iXjL) - l^XiLieLlpXil), 
o it) 



"2^'^'"^"^ - ^-2.. 



' ^2*;!.A..7^^e,. - ^F3..A,A.,7^^'e^ - \^^M>^LX,R) 



+ 



1 _ 1 

l^y^RieRlpXjR) + gALleLO-jAfi) - — 7''''AL(eL7/.^o-iAi?) 
1 _ 1 _ 

--^^ijl^^f^LiXkRlpuCTjXkL) + -AijCTkeLiXjRXkL) " AijXkL{eR(T(^jXk)L) 

1 _ 1 _ 

1 _ _ 1 

+ ^^ijl^CrkXjR{(^LlpXkL) + -Aij(TkXjL{eLXkR), 



1 



2 ' -M 

A 



4^2' 



I. , , . 1 



+ 



Y>^l{(^l1pXjl) - -Ai?(eRO-jAL) + — 7'"'Aij(e^7^^o-jAL) 



1 _ _ _ 1 

+ Y^Aij-i^'''eR{XkL'lpu(^jXkR) - ^AijCTkeR^XjLXkR) + AijXkR{^L(^(jXk)R) 
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-AijakXjRieiXkR) + ^Aijlf,CrkeL{XL[jl^Xk]L) - AijXkR{(^R(^{jXk)L] 



-^^ijl'^O-kXjLi^RlfiXkR) - -AijOTkXjRi^RXkL] 



^^v- 



fiL 



''''"■ + Wl'^ 



F2''^cr'ilf^ux - 10fi'^^7A)ei? + i:^Fl'^^(y\-i^,yXp - ^gi^vlXpYh 



rri — 

"T9272 "^'""^ 



1 



1 

+ 72 

1 

1 
+ 48 



''^''"lii^R - -^{^gfiu - lt,u) (^^LieLYXiL) + XiL^eiY (Ti\L) 
YiXiRlpu^l) + -lpupiXiRY^>^L) (TieR 
(^d^pRXiL - i'pLXiR) - i^pLi^RXiL - ^lXir) 



- XiLieRaiipf^L) 



(^rH^pRIuXir) - i^f,R{(^RluXiR) + ^ {(^Lf^iXiR^i + {(^LXjr) If^XjR 
I _ _ 1 

- ^YixjLfyiipuXjR) + ippup{xjLY''(yiXjR) 



(^i(^R - -^IpeRiXiLXiR) 



+ g(5fi'^i. - lf,u)XiL{eR-f''xiR) + g 

1 



iXjRlpCTiXjR) - TppuiXiRl^f^iX-jR) 



(^i^L 



1 1 - 1 - 

^(ri{eR(TiXjL) + {(^RXjL)ppXjR + -^(^LiXiRlpXiR) + ^lp(^i>^R{^R(^i>^L) 



<5(°V 



pR 



rA\9pv Ipuj^fi^y^n^i I '"/t/ I p.< 

1 r - 1 - 

1 

o 



1 r 



^^ + T2L 



fi*^;^ 



crAl) - -(eR7^^AL) -i^XR 



i^pR{(^LY(yiXL) - eR{ll)^LY(^iXL) - -cri\L{eLcriiJf,R) 



PpR 

i 



+ 



1 ^ 
'(7^z.A - 10fi'pi.7A)eL - —F^^'''cr\^f,^,xp - Qgpul\p)eR 

■■FuXpal'^^^'^lt^^L + -^{8gpu - Ipu) (^ARieRYXiR) + XiRi^RY^^i^R) 



24^2 



192^2 
1 r ., _ _ 1_ 

{XiLlpu>^R) + IppupiXilY''^' 



72 
1 

-r 

1 

+ 48 



R 



o-ieL 



(^Rii'pLXiR - i'pRXiL) - 1ppR{eLXiR - ^RXil) 



+ XiR{(^L(Ti^pR) 



(^Li-ippLluXil) - i'pLi.f^LlvXih) + - {.^R(^iXjL)(yi + {^RXjl) IpXjL 
- ^Y{XjR(^ilpvXjL) + ■:fil^up{XjRY''(^iXjL) 

Ir, 



O-iCL - -^Ip^hiXiRXiL] 
+ ^{^gpu - lpu)XiR{^LYXiL) + - {XjLlpf^iXjL) - ^IpuiXjLY^^iXjl) 0-i 



6 



r_ 1 1 _ _ I _ 

CTiieLCTiXjR) + {eLXjR)ppXjL + jeR^XiLlpXiL) + -^IpCXiXLieLcriXR) 
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- — (115'^^ - 'y^^u)(^i>^R{eL(^iY>'L) 



12 

1_ 

D 



(AlTm-^^ 



12 



Y^{>'Llf,up>^l 



1 

54 



5(AL7MO"iAL) - l^lu{>^Ll''crAl 



C^i^R 



1 
12 



i'fiL{eR-f''ai\R) - eL{i'f,RY(TiX 



R) 



g,iu{eL>^R) - -{eLl^u>^R) 



r^L 



where 



A 



^J 



Sij 



1 



(C.l) 
(C.2) 



and the various supercovariant expressions are defined below. We also have that 

i „ i 

2' 



T^i^f^R 



DJoj)eL 



'IJ.\^)^h jQfi^L r)—fJ. 



AWeL, 



D^{u:)tR + ^-Qt^eR - ^A'yeR, 



where 



D^itu)e 



(C.3) 
(C.4) 

Note that in ( IC.ip . the spacetime structure of the T^ terms in the supervariation of the 
gravitini matches that in |21] on using the relation 



In f lC.4p . u"-'' is the d = 8 supercovariant spin connection given by 



fii/Xpa 



^ uXpa^ fi ' ypu^ Xpa 9pX^ upcr ' 9pp^ v\a 9p(T^ 



v\p- 



(C.6) 



At various places, we have used the identities 

iI^RXL = Xr'^L, i^LXR = XLi'R, 

^RlpXR = -XLlpi^L, 

XR(^i^L = -i>R(^iXL, XL(Ti1pR = -4'L(^iXR, 

^Llp(^iXL = XRlp(^ii^R, 

^RlpuXL = -XRlpui^L, i'LliJiuXR = -XL'lpu'ipR, 

i^LlpupXL = XR.lpup'ipR, 

i'R(^'lpuXL = XRf^'lpulpL, i'LC^'^lpuXR = Xl(J'1 pu^l^R, 

i^Llpup(^'XL = -XRlpup(^'^R, 

^RlpvXpXL = XRlpuXp'ipL, ^LlpuXpXR = XLlpuXp'ipR, 

^LlXlpupaXL = -XRlpupalxi^R, 

IpRf^ilfMupaXL = -XRlnupa(^i'4'L, '^^lCT^ pypaXR = -XlI pvpaf^ii^R, 



(C.7) 
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where ip and x ^^^e arbitrary SU{2) pseudo-Majorana fermions in a chiral basis. We also 
make use of the relations 

ii>LXRy = i^BXL, ii>Llf,XLy = ^Rlf^XR, {.i'LC^iXR)'^ = -4^R(^iXL, 

ii>L7f,uXRy = i^Rl^LuXL, {i>L(^a^^XLV = -1pRlt,(^iXR, 

(V'lVpXl)^ = i^Rl^wpXR, ii'Ll^,uCriXRy = -^Rlf^uC^iXL- (C.8) 

In obtaining the supersymmetry transformations, it is useful to note that the kinetic 
term for F^^ can be also written as 

K^F^"^ = iM^muMuvFl^^Ff^'', (C.9) 

on using 

MuP = \{euvepQ + euQepv){L\L'^_ + L«+L^_). (CIO) 

Let us outline in brief how to fix the coefficients of the various terms involving the 
supercovariant expressions in the supersymmetry transformations of A^ in fIC.ip . The same 
method works for the other fermions as well. We use the relations 

r'^'d.FZ'i = 0, 
r''''d,Fs,,,r^ = le^n,euvr''''F-^^F^l, 
^^'^^p^d.F.^Xp. = 2r''''-F^^lFsxp.„,, (C.ll) 

resulting from the Bianchi identities. They lead to the relations 

ri''d,F^xp = 2rd^Fi^^ + ..., 
rY^'^^F,,xp^ = 3rVi^3M.A. + . . . , 
rY^'^d^F.^xp. = 4r^'d''F,,,xp + ..., (C.12) 

which are needed in cancelling the super variation of the fermion kinetic terms against the 
supervariation of the kinetic terms of the various gauge potentials, on using flC.7l) . Of 
course, all these terms directly follow from [23], and the above statements provide a cross 
check of the calculations directly in d = 8. 

In order to derive the form of the various supercovariant expressions in ( JC.lj) , such that 
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all the d^e terms vanish in the supervariation, we note that 



5(°)P„ 



i{d^eR)XL + 



5^^^Pm = "2 [idf,eL)icriXjB^ + cTjXiR) - {,d^tR){aiXjL + cr^XiLyj + ■■■ 



5(0)F. 



2^v 



2V2i(^(9[^eR»^]L + -{d^^,tL)lu](y'^L - (5[/.eij)7HXR) + • • • 



<5(°)F. 



ZpMpi 



-6 



(<9[;,eL)o-i7j.V^p]i - (<9[^eij)cri7^V'p] 



i? 



■^7^\{^\i^^L)lvp\XiR + (5[Me«)7HX 



JL 



+ 



5(o)F. 



ipuXp 



l2V2L}[{d[^tR)'^^x^p\L - ■^{dy^tL)lv\p]\L 



-l2\/2L^({d[^eL)lv\i'p]R - -(<9[^ei?)7^Ap]A/jj + 



(C.13) 



Thus, given the gravitino supervariation in fIC.ip . this leads to the supercovariant expres- 
sions given by 



p* 



P. 



A«*J 



2p,v 



^2p.u 



Snupi 



Ap,y\p 



Pp - i^pR>^L, 
Pp + ilppL^R, 
Ppij + [^pL(^{iXj)R - i'pR^{iXj)L 

ijR[p(^''ip,y]L + i'LlplulCr'XL " ^ijj Ri^.'y ^]Xr 

i>L[pCT'll>,y]R + i>R[plu]CT'XR + 2ll) L[pl y]X'L 



F^p. - ^/2^ 



F'2pu - V22 



F:>,pypi + 'i\2lljL[pCraulljpl^L + '^L[plup\XiR + i^R[plup\Xil 
-\--^^Rlpvp<^i^Ri 

FipuXp + 6a/2 L}U)R[^,'-iyxiJp]L - -i>L[plu\p]>^ 



+^+ [i'Llp1u\'ipp]R - ■^i'R[p'-ru\p]>^R 

= P^ -\- 'F~ 

ApvXp "■" ApuXp^ 



(C.14) 



where 



ApuXp 






L^ [ IpaR'y^^'lpuXpY^AL + '^uLlpuXpl^^L 



L+ \ilaLlpvXpl^"Y^i'TR + i'cjRl^lpvXpXRJ 



68 






L+ r(paLT"lpiyXpY^^rR + '4^aRl puXpl" ^R 
-Ll (^.i?7M.Ap7f"7"VrL + ^aLrl^.uXp\L) ] • (C. 15) 

In obtaining ( JC.lSp from ( ]C.14p . we have used the identities 



IpRitJilvpa] ^R = g (i'RlXltJivpa^R " ^R^pvpalX^RJ , 
^Lip^lupa] Al = - (i'llxl^^upAl - i'llp^upalX^^LJ , 



i^R[^lvpi^a]L = ^[^RXl^^lpupaY^Al-'^RXli.upal^^Y^'ipTL 

i^Llplupi^ajR = ^{i^LX'l^^lpupaY^AR-i^Lx'rfii'pa'l^^Y^ARj (C.16) 



to decompose F4 into F^. 
Thus, we have that 






F^j^upa = iL_T^^p^ + —=Xn'y,.upaXl, (C.17) 



where 



Tflpa = T^upa - Y^yPxLl^,upa7^^7^^'iprR + i^XRl^l,.upA 
T'upa = T~^pa + ^ (V'Ai?7/.^p<x7'^7^VrL + ^XLl'^l^^upAL) (C.18) 

are supercovariant field strengths. 

Of course, the term not involving the gravitino in flC.14p is not fixed by this argument 
and one need not include it in the definition. We have, however, included it because the 
supersymmetry transformations look simplecj. The structure of these terms, in particu- 



lar, the extra term that does not involve the gravitino in ( lC.14p . follows naturally from 



dimensionally reducing the supercovariant 4 form field strength, and the supercovariant 
spin connection in d = 11 using (13. 7p and (13. 6p . and inserting them in the supersymmetry 
transformation (13. 9p for the c? = 11 gravitino. The relevant expressions obtained from ( 137 



^^A previous example of such a definition involves the definition of F5 in type IIB supergravity in 
d — 10 [34^ . where there is an extra term that does not involve the gravitino. 
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are given by 



ASS 



ASS 
fiupi 



nSS I o -(Ass 



i'R[tilu\'4^p]L - -'4^L[plyXp]^L 



-U: 



+ \i'L[pnu\i'p\R - i:i'R[plu\p\^Rj - -^T^i^RlpuXp^L + ^LlpvXp^R 
Gpupi + 2 \^^L[p(^'lui^p\L + i'L[plup\XR + i^R[p,lup\X'L) 
+ ^\X\li^up^L + X'rIpvp^RJ + -Z^^Rlpvpfy'^R, 



G%' = G;f + ^e'^-[^(^«[,a^ 



^u\L + i^L[p(T'^u\RJ - ypR[plu]X'R - 'ipLlplu]XL 

+ - {i'Llp%]Cr'>^L + i'Rlplu](^'>^Rj + - \XjLlt,v(^'XjR + XjRltiu^^'Xjl 
1 



"^24 ' '^^^^^^'^'^^ + >^R.(^'lpu>^L 



di^Bgg 



dpBss + -e 



'2<t>S3 



1 



V^mlA/j - V^i^Ai ) - -Xn'^pXR + XiRlfiXiR 



(C.19) 



while the relevant expressions obtained from (13.61) are given by l^ 

e'^S^/^f Wabc + -Vacdb(t)SS " 7^Vabdc4>SS 



^abc 



^abi 



H — - 2 y^aRl[b^c]R + ^aL%^c]L + ^R[bl\a\^c]RJ 

+ o (i'aRlbAL + ^aLlbAR - '^Va[b^c]RXL " '^V aibi' c]lX Rj + —^R'^abcXl 

P<t>Ss/3 
^Hss/^piSS _ f 



2(^i?(a7b)XiR + i^L{alb)XiL 



ab 



+ ypR[aCr^'^b]L - 'ipL[a(j''ipb]R) + -Vab[XiRXL + XiL^R 

+ - hpaRlbO-'XR - i'aLlbO'XLJ + " {^bRlaC^'XR - 1pbL%(T'XL 

-— [XLO'^^abXR - Xna'^abXL 



OJ. 



ai] 



:,<t>ss/^r)SS 



^aij + 



— Cjjfc y<paR(y'^XL + IpaLO-'^XR 



+2\^^aR(r[iXj]L - i'aL(^[iXj]RJ " '^XRlil\a\Xj]R + [XL'Ja(^[iXj]L - XR-^aCr\iXj]R 

4^ \ fe\ " 

— — ^ijk^RlaO' Ar 
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Note that 



f^iSS __ p u-piSS ^ p tip ''T i pmSS 
^ ab ^a ^b ^ pu ^a ^b ^m^ pv 



(C.20) 
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^iab 



.^Hssl^Flf + 



3</'SS/3 



'^[i^R[alb\XiR + '4^L[alb\Xil 



+ ( 'ipR[aCr''lpb]L - 'ipL[a(T''ipb]R ) + o ( XiRlab^^L + XiLlab>^R 



^ija 



+ \^^L[a1b]Cr'XL - i^Rla1b]Cr'XR 
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ajj 



=</'Ss/3 



{^L(^''lab^R - ^Rfy^'lab^L 

2i - , 

'2XR\il\a\Xj]R + -^Ujk>^Rla(y Aij 



+ :^Siji>^R^aL + y^li'aR) + 2 (^^aLO-(iXj)i? " ^aRCr{iXj)L 

+ ^(XL{il\a\Crj)XL - XR{il\a\Crj)XRJ + -[XRlil\a\Crj]XR - XL{a\a\(y j\\l 

p<i>ssl'i 



^ijk 
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^ijk [ XlXr - XrXl ) + 2 ( XiR(^ljXk]L - XiLC^ljXk] 



]R 



+ ( XkL(TiXjR - XkR(TiXjL ) + 3 ( ^iji^LXkR + XuXkh) - SikiXLXjR + XrXjl) 



-i(^jki{XiLO-iXR + XiR'^iXi) 
where uj^^ is the d = 8 spin connection constructed out of the vielbein ef'. 



(C.21) 



D Various fermionic relations 



The supersymmetry transformations given in (JC.ip for the fields charged under U{1) are 
different from the ones given in [2lj. The extra non gauge-invariant contributions add to 
give very simple contributions, as we briefly explain. First consider the supervariation of 
Xl. We have that 

5^^A^ = 5(o)Ai + 5^«A^, (D.l) 

where 6^^Xl is the non gauge invariant contribution, and S'^^^'Xl is given in (IC.ip . 



D.l Calculating 5^^Xl 

Now, 6^'^Xl is the sum of the following 7 contributions, which we also evaluate: 
(i) OiXLXieL): 

—Y'-^'eLiXR-f^.Xp^L) - -^eLiXRXL) + —XL{eRXL) 

= -^XLitRXi). 



(D.2) 
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(ii) OiXLXneR): 



1 - 1 - 5 

-^l''XL{eL%.XR) - ^Y^'XR{-eL%cx^XL) + ^cr'XLieLcr'XR) 

= l^LieLXR). (D.3) 



(iii)O(xLXLeL): 



Y''^''eL{XiR'lt,u\pXiL) - Q^dXiRXiL) + T^XiLi^RXil] 



+7;(^iXjLeRiaiXjL + c^jXil) - -r^l^''crieLiXjRlf,uCriXjL) 



2 '^' '' '^' ''^ ' 16 

0. (D.4) 



(iv) 0{XrXl^r): 



-gO-i7Mei?(A7^XiL) + oXiLleLO^iAfi) + -l^(yiXR{eLl^,X^L) 

= 0. (D.5) 

0{XRXReL): 



1 - 1 - _ 1 

— eilALAfi) + --^l^''(yitL{XL(yiit,uXR) + — 7''o-iAR(eRO-i7^AR) 

= 0. (D.6) 



(vi) 0{XRXReL)- 



--(JithiXLXiR) - ^Y''(^^^L{XiLl^,uXR) 
+ -^Y(TiXR{eR-ff,XiR) - t^^XiR{^R(^il,^^R) 

= 0. (D.7) 



(vii) 0{xlXr(^r)- 
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1 i 

-^l^f^RiXiRlfiXin) + ^(^ijk(^kY(^R{XiRlf^XjR) - l^XiR{(^Ll,jiXiL) 

1 /- N 1 - / 

-i:XiL[(^LXiR) - ^(^iXjL^dcnXjR + (^jXiR) 

= 0. (D.8) 



In obtaining these results and the ones that follow, we make heavy use of flA.ll) . flA.2p 
and the Schouten identity 

OAesc + OceAB + OsecA = 0, (D.9) 

where 9a is a fermion, {<Ji)J^ or {aiaj)^ ■ We also use the relation 

(a.)/(a.)^^ = 2(5/5/ - i^f^/), (D.IO) 

and other relations like 

Thus 

S'^'^Xl = -\xL(eRXL - IlXr). (D.12) 

Since the algebraic details are quite involved and the technique is the same for every 
term, we simply outline the steps needed to deduce (ID.2I) . Using the relations 

r'^'^dXR^^.uXpXL) = -420Ai(eHAL) + 307^^Ai(efi7^,Az.) - ^^'^^XLilRl^^^xM^ 

e^XuXL) = --XLienXL) - -7'''AL(eK7^,AL) - — 7'''^''AL(efi7^,ApAL), 
4 o yo 

r'''y'eLCXRl,.^'XL) = UXLieRXL)+r''XLienl,AL) - ^Y'^'XLieR^.^xpXL), 

a^XLiena^XL) = -^Aile^A^) + ^7'^"Ai(eK7^,Ai) - ^Y'^'XLieR^.^xpXL), 

(D.13) 

and adding the various contributions, we get (lD.2p . Similar is the analysis for S'^'^Xr. 



D.2 Calculating 5^^x^L 

The various non gauge invariant contributions are given by: 
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(i) 0{xl\l(^l)- 

1 1 1-5 

—Aij-f'"'eLixjRl^^l^>^L) + g AijO-fceL(xiijo-feAL) - -AijeLiXuXji) + -^XiLieRXi) 

1 _ I _ 1 _ 1 _ 

-^l^'^XideR-f^^XL) + ■^(rj\L{eRcr(^iXj)L) - Q^ijCTkXjd^RC^kXL) + Q^ij^d^RXji) 

= \x^L{eRXL), (D.14) 

(ii) OixL^Ren): 

I _ I _ I _ 

—l''(rjeR{xR{i(^j)lf,XR) - —Aij-f^"'feR{xjRlfiupXR) - -^ij(^klf,eR{xR[jl^(^k]XR) 

5 1 1 1 

+ T^XiL{^LXR) - —Y'^XiLi^Llf^AR) + -AijYXRieL^f^XjL) - -^^ijCTkXjLi^Lf^kXR) 

= -\x^L{eLXR), (D.15) 

(iii) 0{\lXr(^r)- 

1 _ _ 1 _ _ 1 

-Y^l^(^j^R{XL(i(^j)l^^XL) - —Aij-f'"'PeR{xjLlf^up\L) + -Aij(Tfe7^eij(xL[i7''f^fe]AL) 

1 _ 1 _ _ 1 _ 

-n^jXL{^LCr(iXj)R) - Q^ijl^CrkXjRi^LlfifTk^L) " -Aij\L{eLXjR) 

= 0, (D.16) 

(iv) 0{xrXr'^l)- 

1 i ■/ ■/ 

--T^^ijl^^^LiXkLlpiyf^jXkR) + -^ijf^k^L^''"'^' {XLj'(^jXRi') 
it) o 

1 _ 1 _ 

+ ^^ijl^crkXjR{^RlfiXkR) - -AijCrkeiiXjLXkR) 

= 0, (D.17) 

(v) 0{XRXReL): 

- —A,,Y"eLi\L(r,%AR) + -A,,7^AR(e^a,7^Afi) = 0, (D.18) 

(vi) O(AiAiei): 



AijY''eL{XRlpu(TjXL) + -A,,XL{eRajXL) = 0. (D.19) 



Thus 



5''''x^L = lx^L{eRXL " ^lXr). (D.20) 
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To prove flD.14|) for example, we use the relations 



where 



1 r _ 1 



+ ^l^''^''XjL{\Rlf,uXp(rj(TieL) 



gCLlAfiXiL) 



-i^'^'/^ijeL^XiRltJ^y^L) = -g 7XjL(AijCrjCr»eL) - --/'"' Xjli^Rf^jfTili^^eL) 

-^Y'^^^XjLi^Rajaa^.yXpeL) - ^l^^eLiXRl^uXiL), 

1 _ 1_ lr_ 1_ 

-AijXiieRXjL) + -crjAL(e/jO-(iXi)L) = ^ [^LiXiR^L) - -l^^^LiXiR^lfiuXl] 



+ ^Y''^'eL{XiRl^.uXp\L) 



+ 



1 

24 



- XjLieRAijXi) + -Y'^XjUeR-f^u^ij^i) 



24 



r^^'x^LieR^^uXpA^^XL) 



^jCrkf^LiXjRO'kXl) - ^ijO-kXjL{(^RO'kXL) = -^ij^^LiXuXjl) + XiLi^^RXl) 



4 
1 

+ 12L 



7xjL{eRAi,XL) - -j>"'xjL{eR-f^uAijXL) - —l'"'^'XjL{eRjf,,xpAijXL) 



24 



7eL{XiRXL) - ^Y'^eiiXiRltiiyXL) " ^l'"'^''eL{XiRltiuXpXL) 



Sij + o^i^i- 



1 

»«j — Oij + 

Adding the various contributions, we get ( 1D.14I) . 



(D.21) 
(D.22) 



D.3 Calculating 5^^^^^l 



The various non gauge invariant contributions are given by: 
(i) Oi^LXLeL): 

1_ 1- 1- 1- 

~Y^i'^lL{eRXL) + ^-/""^eLii^^R-fupXi) - -tLii^pRXi) + -(yieL{iJ^,R(y^XL) 

-^Y''i'^lL{eRlupXL) + -(yiXL{tR(yii)f,L) - -^CTitpf^LieRCTiXL) 
= -^1p^^LieRXL), 



(ii) OdjLXRen): 



-Y^V'Mi(eLAij) - -(TiY^Riipf^RlucriXR) - —-f''''^pL{^LlupXR) 

--^YXRieL%1p^,L) - -(yii^,,L{tL(yiXR) 



= i^Mi^(eLAij), 



(D.23) 



(D.24) 
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(iii) 0{\lXr(^l)- 

1 7 - 1 - 

-^^i^g^u - lpu)cri\L{eR-f''XiR) - -^IfiXiRi^RO-AL) 

= 0, (D.25) 

(iv) 0{\RXLeL)- 

1 7 - 

Y^(yi{'l^lu\p - QgpulXp)eLiXiRY^^>^R) + ^o-ieL(AL%XiL) 

1 -_41 _ 1 

-^CrapueLi^LYXil) + ^{g^LU - -^lpv)XiL{tR(yil''\R) + —(^a^>^R{tR)XiL 

= 0, (D.26) 

(v) 0{\L\LeRy. 

1 - 1 - 1 - 

Y^Y^''"^f^^Ri^R^'^Xpa\L) + i:^lt,tR{\R\L) - -^(TiYeR{\Raa^u\L) 

1 - 1 

+ ^(^apup(^R{>^RY''(^M + —{llgpu - 'l^u)<yi>^L{tLY(7i>^L) 

= 0, (D.27) 

(vi) 0{xlXl'^r)- 

1 , _ 1 _ 5 _ 

Y '"'lii^^RiXiRlvXpaXiLl + -^7/.eR(Xji?XiL) - —(^iY^RiXjRlpvf^iXjL) 



+ -^(^iY''''(^R{.XjRlup(^iXjL) + -(Sfi-^i. - 7Mi')XiL(eL7''XiL) 
yo D 

= 0, (D.28) 



(vii) 0{\R\ReR): 



1 _ 1 - 7 - _ 

-^Ip^RitLXR) - ■;^lpeR{\L\R) - —(ra''eR{\L(ra^^,\R) 

-^0-i7Mi'pei?(AL0-i7''^Aij) - —Y>^Ri^L^pu>^R) + ^(Ti1p>^Ri^LCri\R) 

= 0, (D.29) 



(viii) 0{il)R\RtL): 



1 _ 1 _ 

-777''Aij(ei?7^V^^ij) + -Y(^ii'pR{(^R'lv(^i>^R) 
o 

= 0, (D.30) 
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(ix) 0{\bXr^r) 



= 0, 



(D.3i; 



(x) OiipRXieR): 



-^(^ilueRitpf^LYXiL) + X^L{eL(7i^^J,R) + -(yilu'4^iiR{eLYXiL) 

= 0. 



Thus 



5^^V^ 



ML = -TV^Mi(eijAL - ClA/j). 



In proving ( JD.23P for example, we have used the relations 
>^L{eRi)^L) = - ■^eL{■^p,^RXL) + Y^Y''eL{^P^,Rl^pXL) - -^ 



(D.32) 
(D.33) 



Y'^'^eLi^PpRluparXl) 



+ 



g^/.L(eijAL) + Y^Y^^plieRlupXl) - Y^Y^'^^^^lieRluparXL) 



Y''XL{eR-fup'^,,L) = - 7eL{lpf,RXL) - ^Y^eii'^f.R'J^pXL) - l^l^^^^tLii^t^R-iuparXL) 



+ 



^i^,L{eRXL) - ^l^y^.LieRHupXL) - ^Y'^'^^.LieR^up.rXL) 



(D.34) 



Adding the various contributions, we get (ID.23p . 



D.4 The expressions for the gauge invariant contributions 



The various gauge invariant contributions can be rewritten in several different ways. For 
example, the ones in S^^^Xl can also be written as 

1 



^(^^l^i(^RiXRYXiR) + i:lpXiR{.^Llp(yiXL) 



12 



o"iAL(eLXi/j) 



32 



157MXi/?(eL7^o-iAL) + -lpv\XiR{(^Ll^''^(TiXL) 



--(^if^dXRXiL) - —l^^f^i^^LiXiRli^yXL) + -XiL{tR(^iXL) + —(TiXL{tRXiL) 



1 

32 



3 1 

XiiieROiXL) + -ipuXiLieRi^^aiXL) + —l,,u\pXiL{eRi^''^''(yiXL) 



-^(^hiXiLXiR) - J^'l^''cri(^L{XjLlf,uCriXjR) - l^XiR{(^RlpXiR) 



1 
32 



177''Xii?(eij7^Xiij) + -^7p:iy\XiRi(^R7'"'^XiR) 



;D.35) 
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Similarly the ones in S^^^XiL, can be rewritten as 

= -^^tj^^i^LXjR) + -^^ijY^Ri^Rn^iXjR), 

1 i ■/ ■/ 

-Y^Aij-f^"'eL{XkRlf,u(TjXkL) - -e^''^' AijakeL{XRj'(^jXLi') 

+ -AijakeL{XjRXkL) - AijXkL{eRcr[jXk)L) - -AijakXjdeRXkL) 
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17 7 

39xfcL(e/?o-feXjL) + Y7^''XfcL(e/?7Mi'^fcXiL) + -^Y'^^^XkLieR-f^uXpfrkXjL) 



i - 1 1 

-—ejkiAij(Tkjf,eji{Xjij^'aiXR) + -Aij\L{eLaj\R) - -Aij7^A/j(eLcrj%AL) 
io y y 

= -AijXLitLajXR) - —Aij-f^"'\L{eL%uCrj\R), 

-2^ijlf^crkeRixRljYXk]R) + AijXkLieLcr{jXk)R) + -AijY(^kXjRi^Llf,XkL) 
+ -AijakXjLieLXkR) = -^ ^XkhieiakXiR) - QYXkRieLcrklt^XjL) 
+27^''XfcL(eLcrfc%^Xjij) + QY''''XkRi^LCTklf„ypXjL) , (D.36) 

and the same holds for the various terms in the expression for S^^'-ip^L- Of course, which 
way of representing the same expression is best depends on what is being asked for. We use 
the above formulae to rewrite the various expressions only when the resulting expressions 
are considerably shorter than the previous ones, the rest we leave as they are. Same is 
the analysis for the various gauge invariant terms in S^^^ip^L because there is not much 
simplification. 

The terms in the expression for S^^^Xr, S^^^XiR ^i-nd S^^^ip^R are obtained by conjugation. 

E The 0(A|A|j) term in the supergravity action 

We need the 0(A|A|j) term in the rf = 8 supergravity action. In order to get it, we write 
down the quartic fermion terms in the c? = 11 supergravity action. We start from (13. ip and 
use the expressions for the fermion bilinears appearing in the definitions of w, w and F in 
(13. Sp . (13. 6p and (13. 7p respectively. The F term contributes 

V-^£n = -l-^mtNPVQ (r/^f ^^^^^^^«r^5 + 12ry[^^f^^0]) , (E.l) 
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while the R and 707] terms together contribute 

V-'A, = iK^AsOfr"',,') + i {^Uv't",f + ^i,,^/-"'' + a', V/-) (E.2) 



to the action (13. ip . In flE.2p . Kj^^^^ is the part of the contorsion (13.51) which does not 



involve the fermionic part of u. Thus 

^MAB ^ ~7^ ^MABCb'"! ' (E-3) 

while Cj^ is the fermionic part of uj. Thus 

^I/^^ = \ [mv^^ - mvS^ + fVMV^) • (e.4) 

Adding (lE.ip and (IE.2p . the total contribution from all the four fermion terms is given 
by 

-^VmTpqVn{v''T^V + V^r^^ry<3 + v^T^'^v^ + ir^^r^^^^^^^ry^) . (E.5) 

We now calculate the 0(A|A|.) term that is obtained from the action fl3.1l) . The contri- 
bution from (lE.ip is given by 



^{Xj,Y'''cr'>^R)iXRl,.pa'XR) + ^iXRl,XR)iXRYXR)- (E.6) 



This contribution is gauge invariant. 

The contribution from (]E.2p is given bjc. 



^(WVA/?)(A«aV,AK) + ^(A^y^''A^)(A«7M<^,A^) 

-^(^^^'^'''^^ - WV'^AL)(Aia*7^,A^^ - ARa*7M.Ai) 

+7^(AlA,?, - XrXl){XlXr - XrXl). (E.8) 



^^We use the relations 



2yCdeab _ ^rC-DBpAs 



ABj-pCDpS I yCDB\ I AD/pCBpB , pCSBi 



_^Ac,'(pi.^P« + r^^«) - (A o B) 
psci ^ r-^'^r-^ -?7^'^r-^ + 77'^^r'^. (e.7) 
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Naively, this contribution does not look U{1) gauge invariant, because of the O(A^) and 
O(A^) terms in the last two lines of flE.Sp . 

However, the non gauge invariant terms in (lE.Sp are given by 



1 
36 L 



(AlA«)^--(W*7'^''A«) 



1 
^36 



(XuXl)' - ^(AijcrV'Ai)^ 



(E.9) 



But (lE.gp vanishes using the relations 



{XLa'r'Xi 
CXlXi 



14(AlAk)^ - — (AlTmi'ApAr) 



1 
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{XlJ^iuXp^r) , 



(E.IO) 



and their conjugates, which can be deduced using the Fierz identities (lA.ip . Thus (lE.SP is 
gauge invariant as well. 

In order to simplify the remaining contributions from flE.6p and (lE.Sp . we use the rela- 
tions 

1 



{XLa'r''XR){XRCT'l,AL) 

(A,jaVA«)(W7MAij) 

CXRCT'Y'''Xn)CXR^'l,.pXn) 

CXlXr)CXrXl) 



-7{XnYXRy + -{XnY^'Xn)\ 
ICXRYXn? - ^{XRY^'Xn?, 
-2lCXRYXny - ^CXrY^'Xr)', 
\CXRrXnr + ^CXRY'''Xn?. 



Thus dEl and (JKS]) add to give 
1 



384 



mXRrXn){Xnlf.Xn) + (AK7'^'^''A^)(Afi7^,,A^) 



leading to the quartic fermion term 



96 



30(A^7'^A«)(AK7MAi?) + (A«7^"''A^)(A«7^,,A^) 



(E.ll) 



(E.12) 



(E.13) 



in the d = 8 action. 



F Constructing the Laplacians on the moduH spaces 



We calculate the Laplacians on the moduh spaces SO{2)\SL{2,M.) and SO{3)\SL{3,'R). 
Let the matrix M parametrize the elements of the coset space H\G. Then the metric on 
the moduli space H\G is defined by [1T|H2] 

- ^TiidMdM^^) = gABdz^dz^, (F.l) 
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where z"^ are the coordinates on the moduh space H\G. Then the Laplacian A is given by 



A = —dA{^9^''dB). 
y9 



(F.2) 



F.l The Laplacian on 50(2)\5L(2,M; 
For 50(2)\SL(2,M), from (jM]) we obtain 



leading to 



Thus, we have that 



^"-^(f^i I^P" 



- -TridMdM-') = -j^. 



^dUdU 



(F.3) 

(F.4) 
(F.5) 



F.2 The Laplacian on 50(3)\5L(3,: 



If we directly use the matrix M in f l4.10p to calculate the metric on the SO{3)\SL{3,M.) 
moduli space using (IF.ll) . the calculation gets very involved. The calculation is considerably 
simplified if we express M in terms of L. Thus, 



{dLZ)idLr)-M"^-{dL:,)idL:) = -SABdz^dz", 



(F.6) 



where we use (14.431) . 



(e^l^/y/T2 e^/^Ti/VT^ e^/3^i/v^\ 
e^'^^2 e^'^i2/^2 



V 







-2(/)/3 



(F.7) 



/ 



and 






Re(eT) 



^2 ^^1 Re(ef) e-2<^T2 + |eP 



(F.8) 



This leads to 



1 



1 



MTp 



,2,j> 



-TiidMdM-') = -e'f{de-"'>)' + ^ + j;^\T2d^-^2dT{' 
o( — ) +^ + 73k2rf5-B2dr|2. 
81 



3 V 1/ ; ' r| r| 



(F.9) 



Thus we have that 



3e 



-4<f, 



Q2 



d^ 



+2 



d 



To h£2 h - 



d d 



n 



d 
d_ 



d_ 



d 



d 



d^ 



+2 



d „ d i\ / d 






a 



OB 



d r^ d \ 



(F.IO) 



G Automorphic forms of the U— duality groups 

G.l Automorphic forms of SL(2,Z) 

We need various details about automorphic forms of SL{2,Z). Under an SL{2,Z) trans- 
formation f l5.4p . an automorphic form $(™-'")(f/, [7) of weight (m,n) transforms as 

^im,n)^jj^ ^) ^ $'K'^)(f/', u') = {CU + P)™(Cf/ + P)"$(™'")(?7, U). (G.l) 



The automorphic covariant derivatives of SL{2, Z) are defined by 



^™-^'^w-t)' ^^^ 



^ a^ 2 / 



Their actions on $('"'") are given by 

jj ^im,n) _j_ ^(m+l,n-l) £) ^(m,n) _j_ (|)(»n-l,n+l) ^ 



(G.2) 



(G.3) 



First let us consider a class of automorphic forms of weight (0,0). These are given by 
the non-holomorphic Eisenstein series of SL{2, Z) of order s, defined by 



Es{U,U) 



E 



u^ 



(p,g)^(0,0) 



\p + qU\' 



2C{2s)U^ + 20Ff/2^-^^^^^— -^C(2s - 1) 



Tis) 



27l'y/U^ 



Tis) 



Elm 



m^O,nj^O 



s-1/2 



-^s-i/2(27r|mn|f/2)e' 



2TTimnUi 



(G.4) 
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which satisfy 

4D_iDo^s(f/, U) = AD^^DoEsiU, U) = AEs{U, U) = s{s - 1)E,{U, U), (G.5) 

where the Laplacian is given by (IF.Sp . 
We shall call them 

fi'''\U,U)^E,{U,U). (G.6) 

Then we define automorphic forms of weight (m, —m) as 

/i™'— )(f/,f/) ^ Dr^_,...D,Dofi'^'\U,U) 






2™r(s) 

which satisfy 

4D^_iD_^/i™'-™) = 4D_(^+i)D^/^'-™) = (s + m)(5 - m - l)/f'-"). (G.8) 

The Eisenstein series defined by ( 10.4^ diverges for s = 1, and it has to be properly regular- 
ized. This is done by setting 1 — s = e, and noting that as e — )■ 0, the divergence appears 
as a simple pole in r(e) on using 

r(. - l/2)C(2s - 1) = n'^-'/'T{l - s)C(2 - 2s), (G.9) 

and 

r(e) = i-7 + 0(e). (G.IO) 



We then perform an MS kind of regularization where we remove the 1/e pole as well as 
the 0(1) terms including the Euler constant, leading to the regularized Eisenstein series 

MU,U) = -n\n(uMUt)- (G-H) 

In obtaining (IG.11|) . we have used 

^i/2(^) = ^/^e-^ (G.12) 



2x 
the definition of the Dedekind eta function 



oo 



r^{U) = e'"^/i2 -Q(^ _ e2niku^^ (Q^^3) 



fc=i 
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and 



C(2) = ^. C(0) = -i. 



(G.14) 
u z 

Thus Ei{U,U) satisfies 

AEi(f/,f7) = 7r. (G.15) 

However, the modular forms of non-zero weights for s = 1 which are constructed using 
( ]G.7I) do not have to be regularized because Dq removes the divergence of the offending 
term. In particular, 

/f '-^V, U) = DoE,{U, U) = -\- 2mU2^^, (G.16) 

which satisfies (1G.8I1 . 



G.2 Automorphic forms of SL(3, Z) 

We consider a family of automorphic forms of SL{3, Z) which are invariant under the 
SL{3, Z) transformations given by (15.141) . They are given by the Eisenstein series of order 
s defined by 



Es{M) = Y^i^rnMr, 



^TTIy, 



E' 



-450/3 



-2<f> 



\miT + ?7l2| 



e --^ + -2 ( milm^T + msG + "^3^2 

-12 J-o 



E 



V 



-s/3 



m% 



— \mi + m2T + m-^B\ + -\ 

T2 V 



(G.17) 



where rrim are integers, and the sum excludes {mi,m2,m3} = {0,0,0}, which satisfies 



AE,(M) = y(2s-3)E,(M), 



(G.18) 



where the Laplacian is given by fIF.lOp . 

The Eisenstein series (IG.17I) can be expanded for weak string coupling as 



E,(M) = 2C(2s)(e-2^)2^/=^ + -^^^'' ^/^^ 



Vis] 



e-2'^)i/2-«/3E,_i/2(r,f) 



2^.(e-2^)s/6+l/4 

2^.(e-2^)i/2-./3 

T(s)\/T2 ,T~^n 



m 



s-1/2 



Ks-i/2i'2TT\mn\T2)e 



2'KimnT\ 



n — TTIT 



P 



Ks-i{27r\p{n - mT)\T2)e^'''P^''^'-"'^'\ 

(G.19) 
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In the main text, we consider interactions in the effective action which transform non- 
trivially under SU{2), and we denote their couphngs as 



fiiiM)-iinjr^)iT,T,^,^,e' 



-2</.\ 



(G.20) 



where every (ij) index is symmetrized and traceless, and is in the spin 2 representation of 
SU{2). Furthermore, the couphng is symmetric under the interchange of any pair of (ij) 
indices. Thus, the couphngs we consider are the coefficient functions of interactions which 
are in the spin 2n representation of SU{2). 

The various couphngs are related to each other by the action of generahzed derivatives 
defined by 



D 



(n) 



^3{j'^i)3 - 2 (^l(»'^i)l + '^2(i<^i)2 



-2(/>_ 



d 



n 



+ 

+ 



2(5i(i5,)2 + i I 6ui5j)i - 52(i6j)2 



^dT ^^di 2) 



{iOj)l 



2{iOjy. 



■d^ 



-2VT2e-%(, 



d 



d 



5i(i5j)i 



5i)i + i5i)2) -^ + {5i)i - i5i)2J 
\l / d 



u—- +n 
ov 



+ 
+ 



^2(i"i)3 



252f7:'^ii3 + n5oii5i\o - 5^(i5. 



2{iOj)2 - W3(i"i)3 



— 262(iSj)3 — i [ S2{i6j)2 — <^3(i5j)3 

d 



d ^ d in 

T2-— + B2- \ 

d Ty d in\ 



-2\l — 6i(i 



^jn - ^^3)2 ) -^ + {Sj)3 + iSj)2) -^ 



(G.21) 



where the exphcit mapping from one coupling to another using ( 1G.2ip is given in the main 
text. Note that 

(DtS))' = ^(S)' (G-22) 

and 

(G.23) 



2D'i'\Dl% = A. 



These generalized derivatives transform in a complicated way under SL{3, Z) transforma- 
tions given by fl5.14p . Thus, for example, acting on an SL{3, Z) invariant automorphic form 
^(o)(M) it gives Dy^ig^^\M) , which is not an automorphic form of any definite weight. This 
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is evident from flG.21|) because the various components transform differently. Of course, 



though the exphcit form of Du\ depends on how the SU{2) has been gauge fixed, the fact 
that it does not produce automorphic forms is a gauge invariant statement. 

The Eisenstein series defined by fIG.lTp diverges for s = 3/2, for the same reason as the 



divergence in section (JG.lll . and is regularized in the same way. Thus we define 



Ey2{M) = 2C(3)e-2^ + 2Ei(T,f)+47re-<^yr2 Y \- K^{2iT\mn\T2)e^ 

^27r y^ J_g-27rr2lp(n-mr)|+27rJp(nTi-mei) /Q 24) 

which satisfies 

A£^3/2(M) = 2n. (G.25) 
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